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ABSTRACT

MODELING THE SELF-ASSEMBLY OF ORDERED
NANOPOROUS MATERIALS
SEPTEMBER 2012
LIN JIN
B.S. and M.S. Ch.E., TSINGHUA UNIVERSITY
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST
Directed by: Professor Scott M. Auerbach and Professor Peter A. Monson

Porous materials have long been a research interest due to their practical importance in traditional chemical industries such as catalysis and separation processes.
The successful synthesis of porous materials requires further understanding of the
fundamental physics that govern the formation of these materials. In this thesis, we
apply molecular modeling methods and develop novel models to study the formation
mechanism of ordered porous materials. The improved understanding provides an
opportunity to rational control pore size, pore shape, surface reactivity and may lead
to new design of tailor-made materials.
To attain detailed structural evolution of silicate materials, an atomic model with
explicitly representation of silicon and oxygen atoms is developed. Our model is based
on rigid tetrahedra (representing SiO4 ) occupying the sites of a body centered cubic
(bcc) lattice. The model serves as the base model to study the formation of silica
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materials. We ﬁrst carried out Monte Carlo simulations to describe the polymerization
process of silica without template molecules starting from a solution of silicic acid in
water at pH 2. We predicted Qn evolutions during silica polymerization and good
agreement was found comapred with experimental data, where Qn is the fraction of
Si atoms with n bridging oxygens. The model captures the basic kinetics of silica
polymerization and provides structural evolution information.
Next we generalize the application of this atomic lattice model to materials with
tetrahedral (T) and bridging (B) atoms and apply parallel tempering Monte Carlo
methods to search for ground states. We show that the atomic lattice model can
be applied to silica and related materials with a rich variety of structures including
known chalcogenides, zeolite analogs, and layered materials. We ﬁnd that whereas
canonical Monte Carlo simulations of the model consistently produce the amorphous
solids studied in our previous work, parallel tempering Monte Carlo gives rise to
ordered nanoporous solids. The utility of parallel tempering highlights the existence
of barriers between amorphous and crystalline phases of our model.
The role of template molecules during synthesis of ordered mesoporous materials was investigated. Implemented surfactant lattice model of Larson, together
with atomic tetrahedral model for silica, we successfully modeled the formation
of surfactant-templated mesoporous silica (MCM-41), with explicit representation
of silicic acid condensation and surfactant self-assembly. Lamellar and hexagonal
mesophases form spontaneously at diﬀerent synthesis conditions, consistent with published experimental observations. Under conditions where silica polymerization is
negligible, reversible transformation between hexagonal and lamellar phases were observed by changing synthesis temperatures. Upon long-time simulation that allows
condensation of silanol groups, the inorganic phases of mesoporous structures were
found with thicker walls that are amorphous and lack of crystallinity. Compared with
bulk amorphous silica, the wall-domain of mesoporous silicas are less ordered with
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larger fractions of three- and four-membered rings and wider ring-size distributions.
It is the ﬁrst molecular simulation study of explicit representations of both silicic acid
condensation and surfactant self-assembly.
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CHAPTER 1
INTRODUCTION

Porous materials have long been a research interest due to their commercial applications as well as the scientiﬁc challenges posed by their synthesis, processing and
characterization [6]. These materials have been widely used in industrial applications
such as catalysis, adsorption and separation. In the past two decades, numerous
porous solids with ordered structures were fabricated, possessing unusual properties
that greatly broaden their applications ranging from microelectronics to medical diagnosis [6, 35]. Besides traditional applications, porous materials are used as stationary
phases in high performance liquid chromatography [68], or low-k materials for low
dielectric constant ﬁlms [118], as well as contrast agent for diagnostic magnetic resonance imaging (MRI) [103]. Other emerging applications include sensing [173, 120],
optoelectronic devices [163], tissue engineering [72], enantio-selective catalysis [105],
biocatalysts,[73] and drug delivery.[165, 117]. One main objective of material science
research in this area is to understand how porous materials are formed. Revealing
this mechanism is crucial for rational control of pore size, pore shape, pore connectivity and surface reactivity, and may allow targeted crystallite shapes of anisotropic
porous materials [6]. Enormous progress has been made by experimentalists primary
through trial and error experimentations. However, relatively little fundamental understanding is available. Experimental progress has remained slow because critical
nuclei likely fall into the nanoscale blindspot between characterization methods such
as NMR and X-ray crystallography. Molecular modeling is thus poised to shed light
on this problem [5].

1

In this project we focus on two types of materials: one is pure-silica form of MFI
framework silicalite-1, which has been investigated extensively to study the mechanisms of self-assembly of zeolites [147, 38, 90, 4, 53, 54, 36, 96, 107, 106, 108];
the other is ordered mesoporous silica materials (OMS), which was ﬁrst reported by
workers at Mobil Corporation [9, 95]. The ﬁrst type of materials are microporous
crystalline solids, using small structure directing agents or templates during their
synthesis processes; whereas the synthesis of the second type of materials involving
larger surfactant molecules [9, 95] or block copolymers [174, 177, 178] as organizing
agents to generate mesoporous silica with hexagonal and cubic symmetry. Although
structure and properties of these materials seem quite diﬀerent from each other, both
of them characterize the formation of three-dimensional network structures of polymerized silica. These two materials represent two important prototypes to study the
synthesis of ordered nanoporous materials. Our ultimate goal is to use molecular
modeling especially lattice model as a tool to understand the formation of ordered
porous materials.

1.1
1.1.1

Experimental Synthesis of Silica Materials
Sol-Gel Processing of Silica

Sol-gel processing of silica has been studied extensively for over a century, reﬂecting its importance in materials science and ceramic engineering [80, 19, 74, 69].
Such sol-gel processing can yield nanoporous crystalline zeolites [4], mesoporous silica
such as MCM-41 [95], and amorphous silica in monoliths, ﬁlms, ﬁbers and monosized
powders [48, 47, 149]. Understanding structure formation from atomic to materials
length scales is crucial for tailoring these materials for advanced applications in, e.g.,
catalysis and separations [6].
Silica polymerization can be written in the generic form:

2

≡Si - OH + ≡Si - OH

≡Si - O - Si≡ + HOH

(1.1)

It is widely believed that solution pH plays a signiﬁcant role in this polymerization by
controlling surface charges on silica particles. A pH of around 2±0.5 is the iso-electric
point of silica, where there is negligible net surface charge on silica particles [125]. Under such conditions, silicic acid monomers polymerize to form discrete particles before
aggregation and gelation, and condensation kinetics is slow enough for experiments
to follow and characterize. For example, Devreux et al. [46] studied the condensation kinetics by
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Si NMR of a system containing tetra-ethoxysilane [Si(OC2 H5 )4 or

TEOS] using acidic conditions and excess water. (Low pH and high water-to-alkoxide
ratio yields rapid and nearly complete hydrolysis of TEOS.) The NMR permits the
determination of the Qn distribution, where Qn is the fraction of silicon atoms in the
system that are connected to n bridging oxygen atoms [2]. These data (vide infra)
indicate that at the iso-electric point, room temperature silica condensation is very
slow, requiring thousands of hours to generate substantial Q4 silicons.
1.1.2

Clear-Solution Synthesis of Silicalite-1

Zeolites are an industrially important class of nanoporous crystalline silica materials [4], whose self-assembly mechanism remains largely unknown. The clear-solution
synthesis of silicalite-1 (pure-silica form of zeolite ZSM-5) has been investigated extensively as a model system to study the mechanisms of self-assembly of zeolites [153].
Upon hydrolysis of tetraethylorthosilicate (TEOS) in aqueous solutions containing the
template tetrapropylammonium (TPA) hydroxide, precursor silica nanoparticles form
spontaneously and ﬁnally evolve to TPA-silicalite-1, with each zeolite pore occupied
by a TPA cation. However, the precise structure of these nanoparticles and their role
in zeolite formation remains unknown, with many hypotheses reported in the literature. Schoeman postulated that the nanoparticles are colloidally stable species that
do not directly participate in the formation of silicalite-1, but instead depolymerize
3

to provide silica oligomers for subsequent zeolite crystallization [147]. van Santen and
coworkers hypothesized that zeolites form by reaction-controlled integration of precursor nanoparticles at crystal surfaces [38]. Kirschhock et al. hypothesized that the
nanoparticles are actually “nanoslabs” with MFI crystal structure, and that silicalite1 forms by direct aggregation of these nanoslabs [90]. The last two hypotheses point
to a mechanism involving direct assimilation of nanoparticles into the eventual zeolite
crystals.
Recent experiments have since shed light on these issues. An in situ SAXS and
SANS study by Fedeyko et al. found that the precursor nanoparticles are formed
with a typical size of about 3–5 nm, with a core-shell structure of a silica-rich core
surrounded by a TPA-rich shell, in both fresh and aged TPA-silica precursor solutions [53]. These particles were found to bear no evidence of silicalite-1 structure, and
remained stable at room temperature for days [53]. They studied the spontaneous formation of silica nanoparticles in basic solutions of small tetraalkylammonium (TAA)
cations tetramethyl- to tetrabutyl-ammonium, ﬁnding that nanoparticle core size decreases with pH, increases with temperature, and remains nearly independent of the
composition of the TAA cation. Recent kinetic and thermodynamic studies showed
that the silica particles are amorphous and do not simply behave as fragments of a
crystalline zeolite [143]. The silica particles do bear degree of ordering greater than
dense amorphous silica and it is believed that there is a structural reorganization of
silica within the particles as heat treatment proceeds. It is therefore believed that
the encapsulation of TPA molecules into intersecting channels of silicalite plays a
signiﬁcant role during zeolite syntheses.
Davis et al. [36] and Kumar et al. [96] carried out room-temperature studies of
dilute TPA-silica solutions, observing them for over a year. They studied the evolution
of TPA-silica nanoparticles, ﬁnding that their size continued to increase until day 100
and then remained nearly constant, with no evidence silicalite-1 structure. After 220-
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245 days of aging, a second population of larger particles emerged showing evidence
of silicalite-1 structure. TEM images revealed the particles to be agglomerates of
small crystals with domains comparable in size to those of the nanoparticles. It was
concluded that nanoparticles actively participate in the nucleation and crystallization
processes as building blocks. These studies suggest a synthesis process that occurs
through formation and aggregation of the nanoparticles followed by crystallization to
MFI within the aggregates. What remains largely unknown is the process by which
TPA cations redistribute from their shell domain to the nanopores of silicalite-1.
The key questions for us to answer are:
• What is the role of silica nanoparticles during clear-solution synthesis of silicalite1?
• What is the atomistic structure of silica-TPA nanoparticles?
• What is the role of TPA molecules?
• How do TPA cations redistribute from their shell domain into the nanopores of
silicalite-1?

1.1.3

Synthesis of Ordered Mesoporous Silica Materials

Mesoporous silica materials have been studied extensively since their introduction in 1992 by Mobil Corporation because of their potential applications in catalysis and separations of species too large to ﬁt in zeolite micropores.[95, 9] Mesoporous silica materials have also been applied in biotechnology as bioadsorbents and
biocatalysts,[73] and as drug delivery vehicles.[165, 117] Tremendous eﬀort has been
made to understand their formation mechanism and to develop new materials with
advanced functionalities.[121, 28, 27, 8, 161, 60, 59, 31, 177, 178, 174, 35, 109, 55]
MCM-41 can be synthesized with a variety of silica and alumina sources, diﬀerent
surfactant-to-silica ratios, under acidic or basic conditions, and over broad ranges
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of reaction times and temperatures.[31] In this dissertation, we focus on modeling
alkaline solution syntheses using alkyl-trimethylammonium Cn H2n+1 (CH3 )3 N-OH/Br as the structure-directing agent. One particular alkaline synthesis involves two
main steps: the ﬁrst begins with aqueous sodium silicate stirred for 10 min, followed
by addition of surfactant solutions.[9] The resulting gel is stirred at room temperature
for another 30 min. In the second main step, the system is then heated at 100◦ C for
6 days. The resulting solids are recovered by ﬁltration, washed in water, and dried in
air. The as-synthesized product is then calcined at 540◦ C to remove surfactant species
and hence to empty the mesopores. The ﬁnal calcination step also allows further silica
condensation thereby increasing the degree of polymerization. Pore sizes of 20-120
Å can be achieved, with typical pores of 40 Å and µm particle size.[31] Despite two
decades of research into mesoporous silica materials, no microscopic model has shown
how this two-step synthesis works, and more important, why it is needed.
To explain the formation of MCM-41, Beck et al. proposed a liquid-crystal (LC)
templating mechanism.[9] They proposed that surfactant LC mesostructures serve
as organic templates, around which silica condenses to form the MCM-41 structure.
Beck et al. studied the formation of mesoporous materials using surfactant molecules
Cn H2n+1 (CH3 )3 N-OH/-Br with diﬀerent alkyl chain lengths (n = 6, 8, 10, 12, 14,
and 16) and over synthesis temperatures ranging from 100-200◦ C.[8] In the case of
solutions containing the shortest alkyl chain surfactant (n = 6), only amorphous or
zeolitic materials were formed over the entire temperature range examined; whereas
using surfactants with longer chains (n = 8, 10, . . ., 16) produced MCM-41 with
various pore diameters, suggesting that hydrophobic interactions among surfactant
tails play an important role during the formation of MCM-41. They also showed that
at 200◦ C, only zeolitic and dense-phase products are obtained, probably due to the fast
condensation of inorganic species that may hinder the longer-range ordering of pores
in mesostructured materials. Crucial to the LC templating mechanism proposed by
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Beck et al. is the assumption that the hexagonal LC phase (denoted H1 ) preforms from
surfactant species under the synthesis conditions that produce MCM-41. However,
this assumption was not experimentally tested in the seminal work of Beck et al.[9, 8]
Beck et al. also mentioned an alternate possible mechanistic pathway called cooperative templating where the silicate anion initiated the formation of liquid-crystal
structure.[9] This possibility was investigated in detail by Davis and coworkers.[27] In
particular, Chen et al. carried out in situ
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N NMR spectroscopy, using this quadrupo-

lar NMR method to search for the signature of a surfactant-generated H1 phase. They
found no NMR evidence of such a surfactant-generated H1 phase at any time during the formation of MCM-41. Alternatively, the isotropic
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N NMR resonance of

the MCM-41 synthesis gel suggested the presence of rod-like micelles in solution.
Chen et al. proposed that colloidal forces between these rod-like micelles—coated by
silicate anions to approach charge balance—drive initial long-range ordering of these
composite silicate-surfactant nanoparticles. Subsequent heating to promote silica condensation would then form MCM-41 from this semi-ordered, precursor nanoparticle
phase.
Davis and coworkers [27] also suggested that the charge-compensating interactions
between silicate anions and surfactant cations would preclude complete silica condensation. Indeed, their
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Si NMR results give Q2 /Q3 /Q4 ratios of 7.5:55.7:36.8 and

4.6:52.2:43.2 for as-synthesized materials heated for 40 min and 20 h, respectively,
where Qn is the fraction of silicate species Si(OSi)n (OH)4−n connected to n bridging
oxygen atoms. Their XRD and
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N NMR data revealed that condensation of silanol

groups occurs over relatively long times—well after long-range order appears.
Stucky, Chmelka, and coworkers reported seminal studies on precursor silicatesurfactant solutions that lead to MCM-41.[121, 60] They observed reversible lamellarto-hexagonal transitions of the composite silicate-surfactant system by adjusting temperature, under conditions of high pH (12-14) at which rates of silica condensation
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are strongly suppressed.[59] Precursor silicate-surfactant mesostructures with longrange order were found even at extremely low surfactant concentrations (e.g., 1 wt
%), low enough to be in the micellar region of the cetyl-trimethylammonium bromide
(CTABr)/water binary phase diagram,[139] providing additional evidence of cooperative templating. In particular, Firouzi et al. reported that a 25-to-60 ◦ C step change
caused a lamellar-to-hexagonal transition within 0.3 h, whereas the reverse 60-to-25
◦

C step produced the reverse hexagonal-to-lamellar phase change over 4 h.
Chmelka, Stucky, and coworkers also introduced alternative ideas for “turning on”

silica condensation;[59] these ideas were later studied in detail by Lin and Mou.[109]
They compared heating at high pH to dropping the pH from 11-12 to 8-9, ﬁnding
that such “delayed neutralization” produced MCM-41 samples with more complete
silica condensation and thicker silica walls.[109]
Although it is generally accepted that silica networks in MCM-41 materials lack
the crystalline order observed in, e.g., zeolites,[9, 8] some structural insights have been
gleaned from Raman and high-energy X-ray studies. The Raman spectra of MCM-41
reported by Chen et al.[28] were found to match stretching vibrations of 3-membered
rings in amorphous oxides and glasses,[37] which are diﬀerent from vibrations of
such rings in crystalline silica.[1] More recently, Wakihara et al. reported high-energy
X-ray studies comparing structural features in bulk amorphous silica to those in the
mesoporous solids MCM-41 and SBA-15.[164] They found that the mesoporous silicas
exhibit larger fractions of 3- and 4-membered rings and broader ring-size distributions
compared to those of bulk amorphous silica (an n-membered ring is deﬁned as a closed
loop containing n tetrahedra linked by bridging oxygens [-Si-O-]n ). However, due to
the amorphous nature of atomic connectivities in such mesoporous materials, Several
questions remain unanswered:
• What is the atomic structure of mesoporous silica materials?

8

• How to fabricate mesoporous silicas with better thermal stability and thicker
walls?
• Why do ordered mesoporous silica materials mostly synthesized in amorphous
form while still preserving mesoscale ordering?

1.2

Molecular Modeling of Silica Materials Formation

In this section, we review molecular modeling studies probing the mechanisms
of silicic acid polymerization, zeolite nucleation and mesoporous silica formation.
Results from electronic structure calculations, classical molecular dynamics, atomistic
Monte Carlo simulations and Monte Carlo simulations of lattice models have been
summarized here.

1.2.1

Quantum Mechanical Calculations

Pereira et al [131] employed ab initio calculations to investigate the mechanism of
condensation of two Si(OH)4 monomers in a hydrated environment. They calculated
the energy evolution during the Si(OH)4 condensation reaction, and concluded that
among the two possible mechanisms SN 2 (in which attack occurs from the opposite
side to the leaving group) attack and lateral attack (in which attack occurs sideways),
the SN 2 path is more energetically favorable because of its lower activation energy.
Pereira et al [132, 133] also investigated the structures and energetics of silica clusters,
including noncyclic four- and ﬁve-silicon chains, the branched trimer and tetramer
rings, the double trimer rings, the tetramer plus trimer rings and the ﬁve- and sixsilicon rings. They found that for noncyclic clusters, the stability decreases with
degree of branching. They also found that four- and six-member silicon rings are
more stable than the ﬁve-silicon ring due to the asymmetric arrangement of latter.
Schaﬀer and Thomson studied the silicic acid dimerization under neutral conditions and the liquid environment was omitted (in vacuo calculations).[146] They
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showed that the reactions proceeded through a single-step with a transition state of a
pentacoordinated silicon atom, in accord with SN 2-type mechanism. They found that
the formation of smaller oligomers has relatively high activation barriers. Schaﬀer and
Thomson also investigated the inﬂuence of solvation using a hybrid implicit/explicit
hydration model–a shell of explicit water molecules embedded in continuum model.
The explicit representation of water accounts for local interactions of the solute and
solvent and results in a signiﬁcant diﬀerent activation barrier for condensation reaction. The calculated activation barrier yield 11.4 kcal/mol, in good agreement with
previous theoretical and experimental studies with the activation barrier to be 12-15
kcal/mol for dimer condensation reaction.[80, 131, 140] Later, Henschel et al investigated the condensation of two silicic acid in basic medium.[75] They studied the
condensation of a singly deprotonated silicic acid ion (Si(OH3 O− ) and a Si(OH)4 to
represent reagents under basic reaction conditions and found that the condensation
is likely to proceed via an intermediate structure with one pentacoordinated silicon
center.
Recently, McIntosh employed a theoretical kinetic model to study the temperature
and pH dependance of silicic acid dimerization in aqueous solution with parameters
derived from ﬁrst principles to silicate growth.[119] They predicted the maximum
rates of polymerization and dissolution occur at pH ≈ 9 and the dimerization constants for H6 Si2 O7 and H5 Si2 O−
7 give log Kdim = 1.85 and -7.15 respectively, consistent
with experimental studies.
Trinh et al investigated the silicate and aluminosilicate condensation in the presence of TPA+ template under basic aqueous solution using ab initio molecular dynamic simulations.[160] They showed that the presence of TPA+ template increases
the barrier for condensation reaction of monomers by +14 kJ/mol; and enhance more
signiﬁcantly the barrier for the backward hydrolysis reaction (+25 kJ/mol).
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Electronic structure calculations precisely describe the energies of various conﬁgurations that may exist in the model system, therefore provide energy evolution along
reaction coordinates. However, the molecular orbital calculations are limited to small
system sizes, a small range of conﬁgurations and do not consider temperature and
dynamic eﬀects. Molecular simulations [58, 162, 64, 25, 134, 170, 140, 66, 62, 145, 86,
87, 13, 14, 21, 23, 22] can provide a bridge between electronic structure calculations
and experimental observations.

1.2.2
1.2.2.1

Atomistic Simulations
Molecular Dynamics Simulations

Classical molecular dynamics (MD) simulations have also been used to study silica
polymerization [58, 64, 140]. Feuston and Garofalini [58] ﬁrst proposed an empirical
potential to described silica-water interactions and employed the MD simulation to
study the oligomerization in silica sols with a system consisting of 27 silicic acid
monomers. Their potential includes a modiﬁed Born-Mayer-Huggins (BMH) twobody interaction term and a Rahman-Stillinger-Lemberg three-body term. Later
Garofalini and Martin [64] continued the study using the same interatomic potential
to a system containing 216 silicic acid molecules and longer run-times (120 ps). They
observed that chains formed at early stages of polymerization, followed by subsequent
ring formation. They also estimated activation energies for formation of branching
Qn species (12kcal/mol) and observed the time evolution of Qn species consistent
with experimental NMR data.
Rao and Gelb performed large-scale molecular dynamics simulations of silicic acid
in aqueous solution based on potential developed by Feuston and Garofalini.[58] They
studied a system includes up to 729 Si(OH)4 monomers simulated between 1.6 and
12.5 ns at temperatures of 1500, 2000, and 2500 K with diﬀerent water-to-silicon
ratios.[140] They found that for systems with large water-to-silicon ratio, Ostwald
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ripening dominates at the initial stages whereas polymerization proceeds by conversion of monomers to dimers and addition of monomers to small clusters; while
at longer times, cluster-cluster aggregation is observed. The estimated activation energy of condensation between monomers gives 13-15 kcal/mol in the presence of excess
water, in good agreement with experimental value of 15 kcal/mol [80, 32, 33, 34].
Recently, Bhattacharya and Kieﬀer modeled the sol-gel synthesis of nanoporous
silica gels in aqueous environment based on a reactive interatomic potential that allows for charge transfer upon the rupture or formation of chemical bonds [13, 14].
They studied the condensation of silicic acids in aqueous solution contains 216 silicic
acid molecules with water-to-silicon ratio (denoted as w) ranged from 1 to 5 and
the system was allowed to react between 1 and 3.5 ns. They observed three growth
regimes of silicic acid polycondensation: low silica density (0.2 g/cm3 ) yielded compact nanoparticles, high silica densities (1.0 g/cm3 ) and low water-to-silicon ratios (
w=0) yielded percolated silica networks, while high densities (1.0 g/cm3 ) and high
water-to-silicon ratios (w=5) led to formation of branched clusters.
All previous molecular dynamics simulations have been focused on silicic acids
polymerization that resemble the sol-gel synthesis of silica. Molecular dynamics simulations have also been applied to investigate the formation of mesoporous silica
with the presence of template molecules. Jorge et al. employed a detailed atomistic molecular dynamics simulation to study the early stages of synthesis of periodic
mesoporous silica in which besides surfactants, silicas and water molecules adopted
all-atom representation [88, 89]. Their simulation suggested a strong attractive interaction between anionic silicates and cationic surfactants where large amount of
silicates were observed adsorbing on the surface of micelles. They also found that
large silica aggregates facilitated the growth of micelles through binding to surfactant molecules of diﬀerent micelles. They believed that silica actively participate the
formation of liquid-crystal and played a crucial role through cooperative templating
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mechanism. Models like this can provide detailed information regarding interactions
between silica species and surfactant. However, explicitly representation of all participating molecules may greatly increase computational cost and therefore require the
simulation time and length scales beyond current computational capabilities.
In principle, MD simulation could provide accurate time evolution of energy and
structural information during silicic acid polymerization. However, the laboratory
polymerization is known to occur at time scales on the order of minutes to hours
or even days, which is inaccessible by MD simulation within current computation
capabilities. Due to the diﬃculty in sampling silicic acid condensation which involves
break and reform of silicon-oxygen covalent bond, most MD simulations have been
carried out at high densities and temperatures outside the relevant experimental
regimes. To simulate silicic acid polymerization under ambient conditions, Monte
Carlo (MC) simulations have been used to overcome the time scale limitations of
MD.

1.2.2.2

Monte Carlo Simulations

Wu and Deem developed a novel MC moves to sample ambient temperature silicic
acids condensation reactions under which silicon-oxygen bond breaking and reforming
are rare events.[170] Their model explicit represent Si and O atoms with the forceﬁeld
includes pairwise and three-body interactions. They carried out the MC simulation
at 430 K and structure analysis (e.g., adjacent T-T atom distances distributions, TT-T angle distributions and ring size distributions.) of diﬀerent cluster sizes from
nSi = 1 to nSi = 200. They calculated the free energy of cluster formation and
predicted the critical cluster size is on the order of 50 silicons for high pH synthesis.
Their novel MC moves provide an alternative approach to sample the equilibrium
distribution of silicate clusters. However, due to the sophisticated models they used,
the simulations were computational expensive and restricted to relatively small system
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sizes with no more than 200 silicons. Experimental studies of precursor silica-template
nanoparticles predicted the nanoparticles containing 356 silicon atoms speciﬁcally in
the case of 9 TPAOH / 9500 H2 O solutions,[54, 141] which is too large for free energy
calculations using detailed atomistic approaches.
Ford et al. proposed a simpliﬁed model of silica [62] where silicon and oxygen are
represented as hard spheres with directional square wells indicating silicon-oxygen
bonds. They studied the mechanical and phase behavior of this model and investigated solid phase structures corresponding to quartz, cristobalite, and coesite. Astala
et al. developed a spring-tetrahedron model [3] to capture the mechanical properties
of compression and thermal expansion of dense and zeolitic polymorphs of crystalline
silica. Recently, Malani et al. expanded the model of Astala to treat the chemical
process of silica polymerization.[114, 115] In the model, the silica is treated as collections of ﬂexible corner-sharing tetrahedra with one hard sphere in its center and four
point particles representing hydroxyl groups (OH) sitting at the corners. The polymerization reaction is accomplished via reaction ensemble Monte Carlo simulations.
They simulated the evolutions of Qn distributions as function of both time and degree
of condensation, great agreement was achieved when comparing with experimental
studies. They conjectured that the silica polymerization proceeds in following stages
including oligomerization, ring formation, cluster aggregation and ﬁnally cross-linking
of the gel.
The review of previous simulation studies showed that great progress have been
made to understand the silica polymerization process in absence of template molecules.
The ordered porous silica materials can only be synthesized with the presence of template molecules, which greatly increase the complexity of model and computation
cost. For example, the diﬃculties in simulating the formation of mesoporous silicas
materials using molecular simulations come from the high complexity of the synthesis
process, where hydrophobic forces, electrostatic interactions, chemical reactions and
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phase equilibrium interplay simultaneously. Therefore, a carefully formulated model
that captures essential physics of all above interactions is desired to describe the formation process. On the other hand, large system sizes and long simulation times
are needed to observe the self-assembly of porous materials with mesoscale ordering, where a simple model which is computational tractable is required. Those two
requisites contradict each other and need to be satisﬁed at the same time in order
to successfully simulated the self-assembly of surfactant-templated mesoporous silica
materials. Till now, only a few attempts of molecular modeling have been reported
to address this problem.[154, 155, 127, 126, 129, 128, 148, 88, 89]
Schumacher et al. implemented kinetic Monte Carlo simulations to study the formation of periodic mesoporous silica.[148] Instead of simulating the self-assembly of
surfactant molecules in the presence of silica, they studied silicate polymerization
around preformed micelles represented as parallel cylindrical pipes. Their study produced plausible atomic structures of MCM-41 silica walls, which were used as the
basis for nitrogen adsorption isotherm simulations. Reasonably good agreement with
experiment was obtained. On the other hand the model does not address the cooperativity between silica and the surfactant in determining the mesoscale structure.
In order to understand the underlying physics between silicate and surfactants,
Jorge et al. used molecular dynamics simulations to investigate the early stages of the
synthesis of periodic mesoporous silica.[88, 89] They observed that anionic silicates
interact very strongly with cationic surfactants and signiﬁcantly adsorbed on the surface of micelles. The adsorption of silicate increases the micelle size and subsequently
enhances the silica condensation at the micelle surface. Therefore, the silicate species
played a crucial role during the formation of MCM-41 materials, in support of cooperative templating mechanism. Despite great progress has been made by Jorge et al.,
their atomistic simulation suﬀered from limitation in accessible time and length scales
and therefore unable to describe later stages during formation of MCM-41 such as
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phase separation and liquid-crystal formation. Given current computer capabilities,
some extent of coarse-graining is needed to address these questions.

1.2.3

Coarse Grained Model Simulations

Lattice models can be viewed as discretization of three dimensional space onto lattice vertexes, and have been used to provide insights for both formation of surfactanttemplated mesoporous silica [154, 155, 127, 126, 129, 128], silica nanoparticles.[86, 87,
82] and crystalline microporous zeolite analogs.[84]
Siperstein and Gubbins performed lattice model simulation to study the surfactantinorganic-solvent systems where silica species occupy a single site and surfactant occupies several connected sites. They observed that the system phase separated into
a surfactant-silica-rich liquid crystal phase in equilibrium with a solvent-rich phase,
under conditions where inorganic species condensation is negligible.[154, 155] They
calculated the ternary phase diagram and found that the formation of hexagonal and
lamellar structure are sensitive to composition of components. They observed that
the mesostructure (either hexagonal or lamellar phase) was controlled by surfactantto-silica ratio and qualitatively agreement was achieved when compared with experimental measurements. Later their model have been extended to study the formation
of hybrid organic-inorganic materials.[127, 126, 129, 128]
Jorge et al. [86, 87] developed a lattice gas model to simulate silica-template
nanoparticle formation. This model was inspired in part by previous work on surfactant systems [99] and on self assembly in the formation of mesoporous silica materials
[155]. The model involves a ternary mixture of coarse-grained particles, including
neutral silicic acid, its deprotonated conjugate base, and cationic TPA “particles”.
Jorge et al. found that nanoparticles spontaneously form in canonical Monte Carlo
simulations, exhibiting a core of neutral silica with anionic silica on the surface surrounded by a layer of TPA. Parallel tempering Monte Carlo [78, 92] simulations
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showed that these nanoparticles are metastable species, equilibrating to a bulk solid
phase which, in our model, is one large cluster sequestering all available silica. The
model nanoparticles resist agglomeration because of the TPA coating, which is not a
network-forming component in this system. Nanoparticle size was found to decrease
with solution pH and increase with temperature, consistent with experimental observations [53]. Experimental evidence for metastability comes from the observation
that between the initial rapid evolution of nanoparticles and the appearance of the
aggregates, there is a period during which the size and number of nanoparticles remain largely unchanged [36]. Heating the model nanoparticles produces desorptive
ﬂuctuations of TPA species which expose nanoparticle surfaces to further growth,
leading to equilibration of the nanoparticles around 150◦ C to the bulk solid phase,
in reasonable agreement with experiment.

1.3

Dissertation outline

As explained earlier, simulating the formation of ordered microporous and mesoporous silica requires large scale simulations and long simulation times. Therefore,
in this dissertation we choose coarse-grained lattice models to study the formation
mechanism of porous silica. Figure 1.1 gives a overview of relationship between the
diﬀerent components of the research program described in this thesis. The objective
of this research is to obtain a comprehensive understanding of formation mechanism
of ordered porous silica materials with a wide range of pore sizes including amorphous
silica, crystalline microporous silica and mesoporous silica.
In Chapter 2 we discuss the formation of precursor nanoparticles during clearsolution synthesis of silicalite-1. We present an extension of the simple-cubic lattice
model developed by Jorge et al. [J. Am. Chem. Soc. 127, 14388 (2005)] to generate
open structure and porosity during clear-solution synthesis of silicalite-1. Chapter
3 describes an atomistic tetrahedral model for studying the polymerization of silicic
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Figure 1.1. Schematic showing the relationship between the diﬀerent components
of the research program described in this thesis. Without template molecules, silicic
acids polymerize and form amorphous silica (disordered structure) at pH 2 (isoelectric
point) and room temperature. Silicalite-1 can be synthesized using small molecule
(tetramethylammonium, TPA) as template, and the ﬁnal structure are crystalline
materials with micropores. MCM-41 silica can be obtained utilizing supermolecules
as templates, and the ﬁnal products were found with hexagonal array of cylindrical
pores with the pore size between 2-10 nm.[9]
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acid in sol-gel processes. In Chapter 4 we implemented parallel tempering method
to search for ground states of atomistic tetrahedral model in Chapter 3. We show
that the atomic lattice model exhibiting rich variety of ordered microporous materials
including known chalcogenides, layered materials, and zeolite analogs. In Chapter 5
we investigated the formation of surfactant templated mesoporous silica materials.
Chapter 6 contains closing remarks and future research recommendations. Appendix
A provides additional information of advanced simulation techniques (parallel tempering method, reactive ensemble simulation and conﬁguration-biase Monte Carlo)
implemented in this dissertation. Appendix B illustrated detailed derivation of interchange energy of lattice model. Appendix C explained the concentration conversion
between lattice model and experimental measurements.
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CHAPTER 2
NANOPARTICLE FORMATION DURING EARLY
STAGES OF ZEOLITE GROWTH

In this chapter, we present an extension of the simple-cubic lattice model developed by Jorge et al. [J. Am. Chem. Soc. 127, 14388 (2005)] of nanoparticle growth
in the clear solution synthesis of silicalite-1 (MFI). We have implemented the model
on a body-center cubic (bcc) lattice with second-neighbor repulsions, to generate a
four-coordinate network that mimics the tetrahedral structure of silica. The lowcoordination model makes it possible to model porosity in the silica core of nanoparticles. We use this feature to investigate the extent of template penetration into the
silica core, a level of nuance missing in experimental data on the core-shell model.

2.1

Introduction

Jorge et al. [86, 87] developed a lattice gas model to simulate silica-template
nanoparticle formation. The model involves a ternary mixture of coarse-grained particles, including neutral silicic acid, its deprotonated conjugate base, and cationic
TPA “particles”. Jorge et al. found that nanoparticles spontaneously form in canonical Monte Carlo simulations, exhibiting a core of neutral silica with anionic silica on
the surface surrounded by a layer of TPA. However, because of the six-fold coordination in the simple-cubic lattice, the model bulk solid is nonporous, precluding the
incorporation of TPA into the silica core. In order to study the redistribution of TPA
as nanoparticles evolve towards zeolite critical nuclei, a new model is required that
allows pore spaces in a silica network. The objective of this chapter is thus to reﬁne
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the lattice model to mimic the tetrahedral framework structure of silica, and to allow
template penetration into the silica core.
A four-coordinate tetrahedral network can be generated by using the body-centered
cubic (bcc) lattice, which is equivalent to two interpenetrating tetrahedral lattices.
By imposing second-neighbor repulsions between silica units, the silica species are
driven onto one of the two tetrahedral sublattices of the bcc structure. Reﬁning the
model of Jorge et al. in this way generates nanoparticles with four-coordinated tetrahedral networks possessing core-shell structures with silica in the core and template
in the shell. More importantly, the unoccupied tetrahedral sublattice provides space
(i.e., lattice sites) for template penetration. We ﬁnd below that template penetration is a rare event; we discuss the implications of this result in light of the recent
experimental work on the role of these nanoparticles in zeolite formation.
The outline of this chapter is as follows. Section 2.2 presents the lattice model
and its parameterization. Section 2.3 describes the simulation techniques used. We
present our results in section 2.4, and in section 2.5 we provide a summary of our
results and conclusions.

2.2

Model Description

Our model closely follows that of Jorge et al [86], focusing on an aqueous solution containing tetraethyl orthosilicate (TEOS) and tetrapropylammonium hydroxide
(TPAOH) at room temperature. For a full description of our model, we refer the
reader to our initial publication [86]. Here we brieﬂy review the model and detail its
implementation on a BCC lattice. At the isoelectric pH of silica (∼ 2), the condensation/hydrolysis reaction between neutral silica monomers (denoted by SN ) can be
written in the generic form:

′

′

R-Si-OH + R -Si-OH

R-Si-O-Si-R + H2 O.
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(2.1)

The polymerization energy is modeled by an eﬀective ﬁrst-neighbor attractive interaction between silica units, with strength εSN SN . In our system, all the lattice sites
are occupied by either solute or solvent; we consider the ethanol and water in the
system as a single solvent with energy deﬁned to be zero [86]. All nonzero energies in this chapter are scaled by |εSN SN |. The reduced temperature is deﬁned as
T ∗ = kB T /|εSN SN |, where kB is Boltzmann’s constant.
The body-centered cubic (BCC) lattice can be viewed as being composed of two
interpenetrating diamond sub-lattices [91]. The diamond-BCC lattice has been used
to model the network-forming substances like water and silica[12, 17]. In order to
generate the four-coordinated network that mimics the tetrahedral framework of silica, a second-neighbor repulsion was imposed between both neutral and ionized silica
units.
Silicalite-1 is commonly synthesized under conditions of high water/silicon ratio
and high pH where the following reaction also becomes important:
R-Si-OH + OH-

R-Si-O- + H2 O

(2.2)

To describe the polymerization process, we diﬀerentiate ionized monomers (denoted
by SI ) from neutral monomers SN . As shown below, if the SI -SN attraction is too weak,
most ionized silica remains in solution; if too strong, an ordered solid phase arises
with strictly alternating SI and SN , which is most likely an artifact of the model. For
consistency with our previous work, we struck this balance with an SI -SN attraction
of −0.8|εSN SN |.
We treat the interactions involving ionized silica as orientation-dependent: the
magnitude of interactions varies as a given molecule approaches to the negatively
charged oxygen or the neutral hydroxyl group. We assigned a pointer variable to
each lattice site occupied by SI to represent the anionic end of SI , labeled as S−
I .
This variable “points” to one of the neighbors of that site, indicating the position
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of the negatively charged oxygen [86]. For example, at the ﬁrst-neighbor level, the
interaction between the pointer variable indicating the anionic end of SI and neutral
silica (denoted as εSN SI − ) is diﬀerent from that between the neutral endgroup of
ionized silica and neutral silica (εSN SI ). The interaction εSN SI − is set to zero because
such a condensation would produce an hydroxide group, which at high pH is extremely
unlikely.
With a focus on modeling template penetration, we investigate below how the sizedependence of templates inﬂuences penetration probability. We study “small” and
“large” templates modeling TMA and TPA, respectively. The electrostatic attraction
between TMA and S-I is a ﬁrst-neighbor interaction. For the interactions involving
TPA, we note that the diameter of the TPA cation is about 1.5 times that of the silica
monomers [176]. This size eﬀect is treated by adding a ﬁrst-neighbor repulsion shell
around each TPA unit. With a strong enough repulsion, all ﬁrst-neighbor sites around
each TPA remain unoccupied. A second-neighbor repulsion between each pair of TPA
cations is also added. Because of the larger size of TPA, the electrostatic attraction
between TPA and S-I must be extended to the second-neighbor level, which brings the
pointer variable that represents the negatively charged oxygen in S-I to the secondneighbors as well. As a result, we assigned both ﬁrst- and second-neighbor pointer
variables, taking care that they both correspond to the same negatively charged
oxygen.
We ignore SN -TAA (either TMA or TPA) attractions because quantum chemical
calculations have shown that these are comparable with TAA-water interactions [26],
which we also ignore for simplicity. For the ﬁrst/second-neighbor attraction between
TMA/TPA and S-I , we set the attraction to εTAA−SI − = −2|εSN SN | consistent with
our previous work. As we show below, this attraction corresponds to a value of
−6.6 kcal/mol based on the SN − SN energy obtained in section 2.4.1. This value of
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εTPA−SI − is slightly larger than the free energy well depth of 4.7 kcal/mol computed
for the interaction of cubic silicate polyion-TMA+ in aqueous solution [23].
The Hamiltonian of the lattice model can be written as
1 ∑∑
(Nij F N ϵij F N + Nij SN ϵij SN )
2 i=0 j=0
3

H=

3

(2.3)

where superscripts FN and SN denote ﬁrst- and second-neighbor interactions. Indices
1, 2 and 3 refer to SI , SN and TAA species, respectively, while the index 0 refers to
interactions involving S-I . Tables 2.1 and 2.2 represents the reduced parameters for the
TMA model, while Tables 2.3 and 2.4 summarize the reduced interaction parameters
for TPA model.
Table 2.1. Reduced ﬁrst-neighbor interaction parameters for the TMA model.
εFN
ij
S-I
SI
SN
TMA

S-I
0
0
0
-2

SI
0
0
-0.8
0

SN
0
-0.8
-1
0

TMA
-2
0
0
0

Table 2.2. Reduced second-neighbor interaction parameters for the TMA model.
εSN
ij
S-I
SI
SN
TMA

2.3

S-I
5
5
5
0

SI
5
5
5
0

SN
5
5
5
0

TMA
0
0
0
0

Simulation methods

We use canonical ensemble (NVT) Monte Carlo (MC), grand canonical ensemble
MC, and parallel tempering MC simulations [157, 49] to investigate the properties
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Table 2.3. Reduced ﬁrst-neighbor interaction parameters for the TPA model.
εFN
ij
S-I
SI
SN
TPA

S-I
0
0
0
5

SI
0
0
-0.8
5

SN
0
-0.8
-1
5

TPA
5
5
5
5

Table 2.4. Reduced second-neighbor interaction parameters for the TPA model.
εSN
ij
S-I
SI
SN
TPA

S-I
5
5
5
-2

SI
5
5
5
5

SN
5
5
5
5

TPA
-2
5
5
5

and behavior of this BCC model. Most of the results presented in this chapter were
obtained from NVT MC simulations. Grand canonical MC was used to conﬁrm that
the canonical simulations of silica solubility are converged with respect to system size.
Parallel tempering MC simulations were used to increase the probability that the
system can cross large barriers between local minima of the free energy, and thereby
locate equilibrium states in systems with the tendency to be trapped in metastable
states.
In the NVT MC simulations there are two types of MC moves implemented. The
ﬁrst kind of move is an occupancy swap between two species on diﬀerent lattice sites.
If an ionized silica is chosen, the value of its pointer variable stays the same during a
swap. Since the concentration of template and silica are relatively low, most sites of
the BCC lattice are unoccupied (sites occupied by solvent are treated as unoccupied
because all the interactions involving solvent are set to zero). In order to avoid the
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ineﬃciency of attempted swaps between two solvent sites, we build an occupied site
list. The ﬁrst site is chosen randomly from that list, and the second site is chosen
randomly from all the lattice sites of the system. The move is then accepted or
rejected based on the usual Metropolis criterion.
The second kind of move is the rotation of a pointer variable for ionized silica
monomers. This is implemented as follows. We randomly pick one site from the
occupied site list and check the type of species on that site. If it is occupied by ionized
silica, then the new pointer(s) is(are) assigned; otherwise that move is rejected. For
the ﬁrst-neighbor model, the new pointer is chosen randomly from eight possible
values (eight ﬁrst neighbors). When it comes to the second-neighbor model, both
ﬁrst- and second-neighbor pointers are updated. The ﬁrst-neighbor pointer is chosen
randomly from 8 possible values, and the second-neighbor pointer is chosen consistent
with the new ﬁrst-neighbor pointer. After the new pointer(s) is(are) updated, the
rotation is accepted or rejected according to the same Metropolis criterion.
Each NVT MC run was initiated from a random conﬁguration in a cubic simulation box of length L BCC sites. The initial concentrations of SI , SN and TAA species
were determined from experimental conditions [86]. The system was allowed to equilibrate for at least 3 million sweeps. A sweep is deﬁned as Nocc attempted swaps
plus Nocc pointer rotations, where Nocc is the number of occupied sites on the lattice.
Cluster sizes were calculated using the Hoshen-Kopelman cluster-counting algorithm
[77]. For the core-shell structure calculation, we ﬁrst labeled all the occupied lattice
sites according to the Hoshen-Kopelman algorithm, calculated the center of mass of
each nanoparticle, and histogrammed the core-shell structure of all nanoparticles. For
the TPA model involving second-neighbor attractions, the Hoshen-Kopelman algorithm remains valid if we label TPA according to the second-neighbor to which it is
connected.
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The parallel tempering MC simulations are implemented by simulating M replicas of the original system, each replica in the canonical ensemble but at a diﬀerent
temperature Ti . After a preset number of conventional MC sweeps in each replica,
replica exchange is attempted by switching the conﬁgurations between adjacent replicas. We ﬁrst select two adjacent replicas randomly and accept or reject based on the
probability [157, 49]:

p = min{1, exp[(

1
1
−
)(Ej − Ei )]}
kB Tj
kB Ti

(2.4)

The lowest temperature is usually the physical temperature of interest, while the
highest temperature must be suﬃciently high so that no replicas become trapped in
local energy minima. The number of replicas, how to select the temperature grids,
and how frequently to employ replica exchange are presented in detail elsewhere
[86, 171, 78, 92]. The temperature grid was optimized through trial and error and the
28 temperatures were listed as below: 0.18, 0.1828, 0.1856, 0.1886, 0.1916, 0.1948,
0.1980, 0.2014, 0.2048, 0.2084, 0.2121, 0.2160, 0.2200, 0.2242, 0.2274, 0.2307, 0.2342,
0.2377, 0.2413, 0.2451, 0.2490, 0.2530, 0.2571, 0.2614, 0.2658, 0.2704, 0.2751, 0.28.
Most of our parallel tempering simulations used 28 replicas with code run on a multiprocessor computer system, with the communications between processors handled
by the Message Passing Interface library.

2.4

Results and Discussion

Here we discuss the results on model parameterization, formation and stability
of nanoparticles, and the composition distribution in nanoparticles, with focus on
core-shell structure and template penetration.
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2.4.1

Model Parametrization

We ﬁrst calibrate the SN -SN interaction energy that mimics the condensation reaction of silica. To do this, we studied a system containing only neutral silica and
solvent, comparing the canonical and grand canonical simulation results with experimental data on silica solubility to ﬁt the energy scale of SN -SN attractions. These
NVT MC simulations were initialized with a slab of close-packed silica in contact with
pure solvent (i.e., vacancies), with periodic boundaries in the directions perpendicular
to the slab surface. The system was then allowed to equilibrate at diﬀerent reduced
temperatures, and silica solubility was computed over the low-density region of space.
Because the slab acts as a reservoir for a BCC lattice gas, these NVT MC simulations
were compared with corresponding grand canonical MC simulations to conﬁrm that
the slab size is suﬃciently large to act as a proper reservoir. Figure 2.1 shows the
solubility of silica at various temperatures. The best ﬁt of solubility yields a SN -SN
attraction of εSN SN = −3.3 kcal/mol. The deviation between experimental solubility
of amorphous silica [80] and our simulation results presumably comes from the various
approximations in the lattice model. The ﬁtted value of the SN -SN interaction agrees
with the silica dimerization energy of −3.2 kcal/mol from ab initio calculations [26].
A temperature of 298 K correspond to a reduced temperature of T ∗ = 0.18 in the
lattice model. Now we turn to the calibration of the SN -SI interaction. As discussed
thoroughly in our previous paper [86], the SN -SI interaction is studied by simulating
dilute solutions containing an equimolar mixture of SN and SI species. The parameter
εSN SI controls the partitioning of ionized silica between solution and solid phases, as
well as the charge and structure of nanoparticles. When the SN -SI interaction is zero,
most SI is in solution and the negative charge per silicon is negligible. As the SN -SI
interaction increases, more SI is pulled into nanoparticles; the slope of this change
is steep in the range of εSN SI between −0.7 and −1.1. When εSN SI is stronger than
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Figure 2.1. Solubility of amorphous silica at the isoelectric point as a function
of temperature. The solid circles represent experimental data from Iler [80], the
solid triangles and open squares show the results of canonical ensemble and grand
canonical Monte Carlo simulations, respectively. The best ﬁt yields a SN -SN attraction
of εSN SN = −3.3 kcal/mol.
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−1.2, almost all SI is in the solid phase, and the negative charge per silicon reaches
its limiting value of 0.5 (since the system we study is equimolar).
As the SN -SI interaction becomes strong, the nanoparticles appear as solids with
alternating SN and SI (i.e., sublattice ordering). The degree of sublattice ordering
is obtained by calculating the fraction of SI with all SN neighbors. As shown in
Figure 2.2, when εSN SI is stronger than −1.5, sublattice ordering becomes essentially
complete. There are two criteria for choosing the SN -SI interaction: it must be large
enough to allow the nanoparticles to be negatively charged, but not too large to force
substantial sublattice ordering to occur. Based on these considerations we chose the
BCC value of εSN SI = −0.8 consistent with our earlier work.
Finally, the sensitivity of parametrization of current lattice model was discussed
brieﬂy. The sensitivity of SN -SN interaction could be seen from the slope of the solubility in Figure 2.1 for two-component case (neutral silica and solvent) and that
of average cluster size in Figure 2.6 for four-component system (lower red triangles
from NVT simulation at diﬀerent temperatures). Increasing the SN -SN interaction
corresponds to decreasing the reduced temperature which represents the room temperature. The SN -SI interaction controls the charge and structures (fractions of ionic
silica inside or on the surface) of nanoparticles. Parameter sets of -0.7, -0.8 and 0.9 were used for earlier calibration, however, no evident diﬀerences were observed.
Therefore, a value of -0.8 was chosen for SN -SI interaction which is consistent with
previous lattice model studies. For SI -TPA interaction, decreasing the its value from
-2 to -1 may destroy the metastability of nanoparticle, as the template molecules are
not able to prevent further growth of nanoparticles and the system may end up with
one largest possible silica particles [86].
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Figure 2.2. Simulation results for an equimolar solution containing neutral and
ionized silica at room temperature (T*=0.18), using various values of the reduced
interaction energy εSN SI . Open squares show the negative charge per silicon in the
solid phase, and solid squares represent the degree of sublattice ordering in the solid
phase.
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2.4.2

Formation and stability of nanoparticles

To study the formation and stability of nanoparticles we have investigated several
compositions of the model corresponding to those used in recent experiments [53, 36],
listed below as molar ratios:
Composition C1, 40 SiO2 : 9 TPAOH: 9500 H2 O: 160 Ethanol
Composition C2, 40 SiO2 :18 TPAOH: 9500 H2 O: 160 Ethanol
Composition C3, 40 SiO2 : 5 TPAOH: 9500 H2 O: 160 Ethanol
Composition C4, 20 SiO2 : 9 TPAOH: 9500 H2 O: 80 Ethanol
Composition C5, 60 SiO2 : 9 TPAOH: 9500 H2 O: 240 Ethanol
Composition C6, 5 SiO2 : 9 TPAOH: 9500 H2 O: 20 Ethanol
Composition C7, 40 SiO2 : 9 TMAOH: 9500 H2 O: 160 Ethanol
For C6, most of silica is present in the form of dissolved monomeric species and
no nanoparticles form, as shown in Figure 2.3.
When the mole fraction of SN exceeds its solubility limit, silica nanoparticles
form spontaneously [86] as shown in Figure 2.4 at T ∗ = 0.18. The snapshots shown
correspond to 5 × 104 , 5 × 105 , 2 × 106 and 6 × 106 MC sweeps. The visualizations in
Figures 2.4 (a)-(d) are consistent with growth by Ostwald ripening, because smaller
nanoparticles can be seen to dissolve, adding their material to the larger nanoparticles.
It is worth noting that global cluster moves is not included in our Monte Carlo
schemes. When the silica particles are small, the diﬀerences in solubility drive the
small particles to grow, proceeds by a phenomenon called Ostwald ripening. As the
solubility diﬀerence between smallest and largest particle vanish, Ostwald ripening
stops [80]. The clear solution synthesis usually occurred at high pH and low concentrations, therefore the silica particles are negatively charged. The negative charges
distributed on the surface of silica particles actually protect these particles from
cluster-cluster aggregation through the electrostatic repulsions. The average cluster
size, reduced internal energy are plotted as a function of number of MC sweeps in Fig-
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Figure 2.3. Snapshot of conﬁgurations obtained during simulations at T ∗ = 0.18, at
composition C6. Red spheres are SN molecules, purple spheres represent SI molecules,
and green spheres are TPA cations.
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ure 2.5. There is a relatively rapid internal energy decrease at initial stages, because
of the formation of small clusters. After about 4 × 106 MC steps, the average cluster
size is seen to reach a plateau. We average the properties over a several statistically
independent runs to converge the accumulation of statistics.
We have used parallel tempering MC simulations to investigate the thermodynamic stability of these nanoparticle systems. Figure 2.6 shows the average cluster
size as a function of reduced temperature from both NVT and parallel tempering
simulations; the results show qualitative agreement with our previous simple-cubic
results [86]. At lower temperature there are two branches to the cluster size versus
temperature behavior: one for the NVT MC simulations and one for the parallel tempering simulations. Below T ∗ = 0.26, all the parallel tempering simulations (open
squares) produce a single large cluster (i.e., bulk solid phase), presumably representing
the true equilibrium state of the system, and the average cluster size decreases with
temperature. This decrease reﬂects the increasing solubility of silica with increasing
temperature. When the temperature is high enough (above about T ∗ = 0.26), the
bulk solid dissolves precipitously. In contrast to the parallel tempering simulations,
the NVT Monte Carlo simulations produce nanoparticles that grow with increasing
temperature. As with the simple cubic model [86], this can be explained by increasing
solubility of TPA, a capping agent, thereby allowing further particle growth. When
heated to T ∗ = 0.23 ± 0.01, the nanoparticles ﬂuctuate wildly in size, allowing them
to overcome the free energy barrier separating them from the bulk solid phase. Once
the nanoparticles equilibrate fully to bulk solid, they remain in this state until heated
to 0.26, at which point full dissolution occurs. Overall, these results corroborate the
metastable nature of these nanoparticles by showing that this conclusion holds for
more than one lattice.
We have investigated system size eﬀects by computing mean cluster sizes for various simulation cell edge lengths L =20 ∼ 130 BCC sites. For each value of L, we have

34

Figure 2.4. Evolution of silica-template nanoparticles over a single NVT MC run
at T ∗ = 0.18 in composition C1. Snapshots are shown for: (a)5 × 104 , (b)5 × 105 ,
(c)2 × 106 , (d)6 × 106 MC sweeps with lattice size L = 100. Red spheres are SN
molecules, purple spheres represent SI molecules, and green spheres are TPA cations.
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Figure 2.5. Evolution of a single NVT MC run at T ∗ = 0.18 of solution C1. Solid
squares show the reduced internal energy per lattice site (left Y axis), and open circles
represent the average cluster size (right Y axis).

36

8000

<Cluster Size>

6000

4000

2000

0

0.18

0.20

0.22

0.24

0.26

0.28

T*

Figure 2.6. Average cluster size as a function of temperature with composition of C1.
Open squares are obtained with parallel tempering, while triangles are results from
NVT simulations, averaged over three independent simulations. Error bars represent
one standard deviation
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averaged over nL statistically independent realizations. Values of nL were chosen to
keep the total simulated volume a constant, i.e., nL × L3 was kept constant from one
value of L to the next [86]. Figure 2.7 shows the average cluster size as a function
of L. When L < 80, the average cluster size increases with L. This is because small
systems always end up in a single cluster whose size grows with system size. For
L ≥ 100, multiple clusters are formed during all realizations and the average cluster
size approaches convergence. On the basis of these results we have used L = 100 in
most of our simulations to balance convergence and computational cost.

2.4.3

Composition distribution in nanoparticles

We have calculated the distribution functions of silica and template within the
nanoparticles shown in Figure 2.8a from NVT simulations. The distributions are normalized by setting the peak of each distribution function to unity. Fedeyko et al. [53]
employed SANS and SAXS scattering methods to analyze the structure of silicateTPA nanoparticles; their pair-distance-distribution function (PDDF) is reproduced
in Figure 2.8b. In their experimental systems, X-rays are scattered primarily by silica
whereas neutrons are scattered by both silica and TAA cations. In order to compare
our simulation results with SANS data, we need to combine the distribution of silica with templates. However, no eﬀective weighting function combining silica and
template is available. To get a qualitative comparison, we used a linear combination
of silica and template with equal weighting. Here we compare SAXS data with our
silica distribution (black squares), and SANS data with our combined distribution
proﬁle (blue triangles). The nanoparticles obtained during NVT simulations possess
a core-shell structure, with silica (black squares) in the core and TPA cations (red
circles) in the shell, which is consistent with experimental observations [53]. However,
the experimental SANS pair-distance-distribution function (PDDF) is much broader
than our combined radial distribution (blue triangles). This is probably because the
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Figure 2.7. Average cluster size obtained from independent NVT simulations using
diﬀerent system sizes at composition C1. Cubic simulation boxes are used and L is
the cube edge length in BCC sites.
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experimental SANS PDDF not only counts molecules belonging to the nanoparticles but includes ones in the electrostatic double layer surrounding the nanoparticles,
while the simulated template distribution (see section 2.3) only considered templates
directly adjacent to nanoparticles. The Debye length calculated from experimental
conditions (temperature and ionic strength) yields 1.3 nm, partially accounting for
this discrepancy between experiment and simulation. Figure 2.9 shows the “combined” distribution function corresponding to diﬀerent MC run lengths of 5 × 104 ,
5 × 105 , 2 × 106 and 6 × 106 MC steps, respectively. These distribution proﬁles agree
with snapshots shown in Figure 2.4. There is a relatively rapid increase in particle
size during the ﬁrst 5 × 104 steps, followed by slower particle growth after 5 × 104
steps, which agrees qualitatively with experimental observations [36]. We now consider the penetration of TPA into the nanoparticles. Figure 2.10 shows a snapshot of
nanoparticles formed during NVT simulation; six-member rings and channels are seen
from this view. More importantly, TPA cations (green spheres) were observed inside
the cores of nanoparticles. Penetration of TPA into the silica core in our model is rare
because of the second-neighbor repulsion shell imposed around each TPA (see Table
2.4). To establish a baseline for TPA penetration, we note that the TPA/silicon ratio
in TPA-silicalite-1 crystals is 4:96 or about 4.2%. In our simulations, the number of
all TPAs associated with nanoparticles, divided by the number of silica units in the
nanoparticles, is found to be 5.3%. This is quite comparable to the TPA loading is
as-made silicalite-1. In contrast, the number of penetrating TPAs in nanoparticles,
divided by the number of silica in nanoparticles is about 0.2%, i.e., much less than in
the zeolite. Nevertheless the amount of penetrated TPAs is large enough to suggest
that some TPA cations reside in the silica core regions of precursor nanoparticles,
a possibility that is not ruled out by the SANS and SAXS experiments [53]. We
suggest that the rare incorporation of external TPA molecules within the interior of
nanoparticles may explain the long induction period during clear-solution synthesis,
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(a)

(b)

Figure 2.8. Silica-TPA nanoparticle structures at T ∗ = 0.18 with composition C1.
a Radial distribution of silica, TPA and combined (silica+TPA) distributions from
NVT simulation. Black squares and red circles represent the distribution of silica
and TPA, respectively, x-axis is radius of nanoparticles in nm. The blue triangles are
linear combination of silica and template with a ratio of 1:1. b, Experimental SANS
and SAXS data from [53].
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Figure 2.9. Radial distribution of nanoparticles evolution during MC run. Black
squares, red circles, green up-triangle and blue down-triangles correspond to 5 × 104 ,
5 × 105 , 2 × 106 and 6 × 106 number of MC sweeps, respectively. Each distribution is
a linear combination of silica and template distributions with equal weighting.
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and contribute to the decrease of their charge and long-term stability. Thus, we speculate that template penetration is key to silicalite nucleation. The initial concentration
of TPAOH controls both the concentration of TPA cations and solution pH. Experimental measurements have shown that increasing TPAOH concentration at constant
silica concentration leads to smaller nanoparticles [53]. Figure 2.11 shows the distribution proﬁles of combined silica and TPA templates in precursor nanoparticles at
T ∗ = 0.18 with diﬀerent TPAOH concentrations. As the concentration of TPAOH increases from C3 (blue triangle) to C1 (red circle) to C2 (black square), while keeping
the silica concentration constant, the sizes of the silica cores decrease slightly while the
distribution proﬁles for TPA vary signiﬁcantly. In particular, the C3 system with low
TPA concentration shows tails in both core and shell distributions, suggesting there
is not enough TPA to completely cap nanoparticles. In Figure 2.12, we show “combined” (Silica+TPA) radial distribution proﬁles for diﬀerent concentrations of silica
while keeping the TPAOH concentration constant. As the concentration of silica is
doubled (C1) and tripled (C5) compared to solution C4, nanoparticle size shifts only
slightly to larger sizes, consistent with experimental observations that particle size
is more sensitive to pH than to silica concentration (above a critical concentration)
[53]. Experimental studies indicate that silica nanoparticles with similar structures
also form spontaneously with other small TAA cations, such as tetramethylammonium (TMA), tetraethylammmonium (TEA), and tetrabutylammonium (TBA) [53].
To investigate how template size inﬂuences penetration into nanoparticle cores, we
have studied nanoparticle formation with the TMA model of ﬁrst-neighbor templatesilica attractions. Figure 2.13 shows the radial distribution of silica and TMA of
nanoparticles formed during NVT simulations. The nanoparticles formed with TMA
have an average radius of 3.5nm, estimated based on a Si-O bond length of 0.16nm,
Si-O-Si angle 150 degree, and the observed average radius of nanoparticles of 10 BCC
lattice sites. The distributions of silica and combined silica/TMA show similar be-
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(a)

(b)

Figure 2.10. Snapshot of nanoparticles formed during NVT simulation at T ∗ = 0.18
with compositions C1. Red spheres are SN molecules, purple spheres represent SI
molecules, and green spheres are TPA cations. a, Snapshot of a single particle.
The most compact structure formed using BCC lattice model with second neighbor
repulsion is the β-cristobalite, as shown in this ﬁgure. Six-member rings and channels
are seen from this view. b, Ampliﬁed view of rectangular region in a. A TPA cation
was penetrated inside the nanoparticles, as indicated by the black arrow.
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Figure 2.11. Radial distribution proﬁles of precursor nanoparticles at T ∗ = 0.18
with diﬀerent TPAOH concentrations. Blue triangles, red circles and black squares
correspond to combined silica and TPA distribution in C3, C1 and C2 solutions
respectively.
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Figure 2.12. “combined” (Silica+TPA) radial distribution proﬁles of solutions T ∗ =
0.18 at diﬀerent concentrations of silica, wherein black squares, red circles and blue
triangles correspond to compositions of C4, C1 and C5, respectively. Simulation
distribution proﬁles are averaged over four independent runs at each composition.
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Figure 2.13. Radial distribution of silica and TMA of nanoparticles formed during
NVT simulation at C7. Solid squares represent the distribution of silica, and open
circles show that of TMA. The triangles are equally weighted silica and template
distributions.

havior as the experimental X-ray and neutron scattering data for TMA nanoparticles
[54]. Fedeyko et al interpreted their silica-TMA nanoparticle scattering data in light
of core-shell structure [54]. However, our simulation results do not support this interpretation considering that the width of our simulated “shell” is only a fraction
of the size of TMA. As shown in ﬁgure 2.14, a signiﬁcant number of TMA cations
are observed penetrating inside nanoparticle cores. We also observe that the size of
silica-TMA nanoparticles is about the same as silica-TPA nanoparticles. In other
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words, the nanoparticle core size is found to be nearly independent of template size,
in agreement with experimental observations [53].

2.5

Conclusions

We have presented an extended version of the lattice model of Jorge et al for studying the early stage formation of nanoparticles during silicalite zeolite nucleation. By
implementing the model on a BCC lattice and imposing a second neighbor repulsion,
we obtained precursor silica nanoparticles with a tetrahedral coordinated network,
and with remaining sites to act as pore spaces. We observed the spontaneous formation of silica-template nanoparticles under conditions comparable to experiments.
The nanoparticles were found to be metastable, equilibrating to bulk solid at high
enough temperature. The metastability of these nanoparticles can be explained by
their hierarchical structure: a core of mostly neutral silica, with ionic silica located
mainly on the particle surface, surrounded by a layer of TPA cations. The TPA
cations tend to adsorb to silica anions near the nanoparticle surface, thus providing
a barrier protecting the nanoparticles from further addition of silica monomers.
Silica and template composition proﬁles were calculated to analyze the precise
structures of nanoparticles. The nanoparticles were found to possess a structure
consisting of a silica-core and a template-shell, consistent with experimental SANS
and SAXS results. The size of simulated nanoparticles was found to increase with
temperature, and decreases with solution pH (TPA concentration). Increasing the
silica concentration at constant pH increases the number of nanoparticles and only
slightly increases their size as well.
The most signiﬁcant feature of the reﬁned BCC lattice model is that templates can
and do penetrate the interior of nanoparticles. Although in our simulated nanoparticles, the template/silica ratio is comparable to that in as-made TPA-silicalite, the
penetrating-template/silica ratio is 25 times smaller. We suggest that incorporation
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Figure 2.14. Silica and TMA nanoparticles formed during NVT MC run at
T ∗ = 0.18 in C7 solution after 6 × 106 MC sweeps with lattice size L = 100. Red
spheres are SN molecules, purple spheres represent SI molecules, and green spheres
are TMA cations. Signiﬁcant TMA penetration into nanoparticle cores is seen from
these snapshots.
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of the template into nanoparticles may play an important role during evolution from
metastable nanoparticles to the nearly ﬁnal state in the synthesis of silicalite-1–with
template molecules sitting in the intersections of zeolite. In Chapter 3, we will further
develop a low-coordination atomic lattice model for silica to provide more detailed
structural information along the path towards porous material synthesis.

50

CHAPTER 3
SILICIC ACID POLYMERIZATION USING ATOMIC
SI(OH)4 MODEL

As introduced in Chapter 1, the Sol-gel processing of silica has been studied extensively for over a century. Despite progress in experimental characterization, we
still lack detailed information about the spatial structure of silica during its polymerization process. Molecular modeling has the potential to shed light on this, but
is hampered by the complicated interplay of chemical and physical interactions at
many length scales [5]. In this chapter we report on a new, atomic lattice model that
captures many structural aspects of silica polymerization while allowing the study of
very long lengths and times.

3.1

Introduction

Silica polymerization can be written in the generic form in equation 1.1. Devreux
et al. studied temporal Qn distribution using
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Si NMR at its iso-electric point in

aqueous solutions.[46] Because of the availability of these data, and the simplicity of
the iso-electric point, we study below the polymerization of Si(OH)4 at iso-electric
point. This represents our base-case system for developing the new atomic lattice
model. We seek a model that agrees with the NMR data on the evolution of the Qn
distribution, while giving atomic-level structural detail lacking in the NMR data.
In Chapter 2 we reported a coarse-grained lattice model of nanoparticle growth
in the clear solution synthesis of silicalite-1 (MFI) [82]. Although this lattice model
allows the study of penetration of organic templates into the cores of nanoparticles
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– a process thought to be important for zeolite formation – the model leaves many
structural questions unanswered because of the constraints imposed by coarse graining. In particular, only one Si-O-Si angle (180◦ ) is allowed in this model, and only
6-rings (rings containing 6 Si and 6 O atoms in alternation) can arise. In contrast,
silica structures exhibit a wide range of Si-O-Si angles (130–180◦ ) [7], giving rise to
primitive (irreducible) rings ranging from 3-rings up to 14-rings [136, 137]. While
oﬀ-lattice models provide such ﬂexibility [114], they can treat only relatively small
system sizes [5]. As such, the development of new lattice models that provide structural ﬂexibility is of paramount importance. This can be achieved by adopting a more
intricate lattice, by treating more complex interactions [99, 155], or by resolving more
detailed atomic structure. In the present work, we pursue this last approach tailored
speciﬁcally to silica formation.
In the present work, we represent Si and O atoms as distinct particles on the bcc
lattice, keeping all Si and O atoms as part of intact SiO4 tetrahedra. This atomic
bcc model of silica represents the simplest possible model that allows for variation in
the Si-O-Si angle. We ﬁnd below that this model gives a rich variety of structures,
agrees well with NMR data on the basic kinetics of silica polymerization, and provides
quantitative predictions on ring-size distributions in good agreement with analyses of
X-ray and neutron diﬀraction data.
This chapter is organized as follows: Section 3.2.1 describes the model and its
parameterization, and Section 3.2.2 presents the simulation techniques used in this
work. Our main results are presented in Section 3.3, and a summary of our results
and conclusions is given in Section 3.4.
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3.2

Model and Simulation Methodology

3.2.1

Model

The base case of our new model begins by representing Si(OH)4 molecules as
rigid tetrahedra on the bcc lattice. This is accomplished by coarse graining OH
groups into single particles. As such, in our present model each Si(OH)4 tetrahedron
occupies ﬁve bcc sites, whereas in our previous bcc model each tetrahedron would
occupy only a single site because of the heavier coarse graining in the previous model
[82]. Each Si(OH)4 unit moves on the lattice via translation and rotation. Because
the bcc lattice is equivalent to two interpenetrating diamond sublattices [91], the
reorientation move corresponds to switching tetrahedral vertices from one diamond
sublattice to the other, as shown in Figure 3.1. Water in the system is represented
as vacant sites following our previous work [86, 87, 82]. This gives a more plausible
coarse-graining than in our previous models, which assumed that Si(OH)4 and H2 O
molecules exclude the same volume. In contrast, our present atomic lattice model
assumes that Si atoms, OH groups, and H2 O molecules occupy the same eﬀective
volume.
We represent silica condensation – the formation of bridging oxygens as shown
in reaction 1.1 – in our present model by allowing double occupancy of lattice sites
by OH groups. This is the only form of double occupancy allowed; i.e., we do not
allow an Si atom and an OH group, or two Si atoms, to occupy the same site. The
water molecule produced by reaction 1.1 is represented by the vacancy left behind by
the OH group that moved in space, transitioning from single to double occupancy.
This double occupancy approach allows the sampling of silica condensation/hydrolysis
equilibria while maintaining intact tetrahedra throughout. The energy of double OH
occupancy is the exothermicity of silica condensation, represented by ε < 0. The
Hamiltonian for this base case model can be written as:
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Nε ∑
H=
nQn ,
2 n=0
4

(3.1)

where N is the number of Si(OH)4 tetrahedra, Qn is the fraction of Si atoms with n
bridging oxygens, and the factor of

1
2

removes double counting. The parameter ε is

determined by ﬁtting model predictions to experimental data on silica solubility [80].
Reduced temperature and all other energy scales are expressed in units of |ε|. This
completes the description of the present base case model.
The atomic bcc model described above allows for Si-O-Si angles of 70◦ , 109◦ and
180◦ , as shown in Fig. 3.2. Such angular variation is the key microscopic ﬂexibility
allowed by our new lattice model. We note that the 70◦ angle corresponds to 2rings (Fig. 3.2a), which are generally not observed in silica materials except at very
high temperatures [45] because of substantial ring strain. Because we focus on lower
temperature sol-gel processing, we discard such 2-rings when they arise in random
sampling, leaving 109◦ and 180◦ as possible Si-O-Si angles. Although these angles are
quantitatively diﬀerent from the range 130-180◦ observed in silica materials [7], our
model oﬀers the simplest qualitative treatment of angular variation in network solids.
We show below that this model can produce a rich variety of structures of interest in
materials science.
Random sampling of the base case model without 2-rings produces chalcogenidelike clusters [180] dominated by 3-rings. Although 3-rings have been observed in
silica materials by Raman spectroscopy [51], 4-rings and larger are more common
[94]. Biasing our simulations by penalizing 3-ring formation with an energy penalty
of 0.6|ε| per 3-ring produces exclusively layered clusters dominated by 4-rings. Each
of the chalcogenide and layered structures is interesting in its own right, and will be
studied in future work. However, the focus of the present study is on silica materials.
We ﬁnd we can bias the simulation to silica-like structures by penalizing both 3- and
4-rings with penalties of ε3 = 0.6|ε| and ε4 = 0.3|ε|, respectively. The model studied
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Figure 3.1. BCC lattice with black and white spheres denoting sites on two interpenetrating diamond sublattices. The blue sphere in the middle of the cube represents
silicon and its four bonding oxygens sit on either (a) black spheres in sublattice 1 or
(b) white spheres in sublattice 2.
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(a)

(b)

(c)

Figure 3.2. Possible values of Si-O-Si angle in the base case model: (a) 70◦ (b) 109◦
(c) 180◦ .
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below is thus the base case model without 2-rings, and with 3- and 4-rings penalized
according to the following Hamiltonian:
Nε ∑
H = N3 ε3 + N4 ε4 +
nQn ,
2 n=0
4

(3.2)

where N3 and N4 are the numbers of 3- and 4-rings, respectively.
For clarity, we now compare our model with the Bell-Salt lattice model [11, 12],
which has been widely used to investigate anomalies of water [11, 12, 104, 17, 18, 110].
The basic idea in the Bell-Salt model is to restrict the coordination number of each
molecule to four, and the bonds are tetrahedrally oriented [11, 12]. Like real hydrogen
bonds, the bonds are asymmetrical with two “positive” and two “negative” ends.
In their model, each molecule is represented by one single site with four bonding
directions pointing to the vertices of a tetrahedron. Therefore, each Bell-Salt lattice
site is either occupied by a molecule or is vacant. In contrast, our lattice model
represents silicon and oxygen atoms of each SiO4 explicitly, and each Si(OH)4 unit
occupies ﬁve sites. As such, each lattice site in our model can be occupied by either
one silicon atom, one oxygen atom or two oxygen atoms. This explicit representation
of oxygen atoms enables us to obtain structural information about silica particles
such as the evolution of Qn distributions, morphologies of nanoparticles, and ringsize distributions during silica polymerization.
3.2.2

Simulation Details

We deﬁne the fractional occupancy, x, as the number of tetrahedra divided by
the number of bcc sites. For this model, the maximum fractional occupancy is 31 ,
consistent with the formula unit SiO2 . For reference, the β-cristobalite phase can be
represented on our atomic bcc lattice. The density of β-cristobalite is 2.3 g/cm3 [80],
corresponding to a fractional occupancy of x = 0.0625 on our lattice. We simulated
polymerization at two silica concentrations: a fractional occupancy of x=0.002 cor57

responding to a silica concentration of 0.074 g/cm3 , and an occupancy of x=0.02732
corresponding to a concentration of 1.0 g/cm3 . The lower concentration corresponds
to that encountered in the clear-solution synthesis of silicalite-1 at room temperature
[53, 36], although in our case we have no structure-directing agent. The higher concentration corresponds to the system studied by Devreux et al. [46], who performed
NMR measurements of the evolution of silica Qn distributions. The number of bcc
sites is 2L3 where L is the simulation cell edge length in units of the bcc lattice parameter, and the factor of 2 counts the two sites per bcc unit cell. We used L = 100
and 60 for the low and high concentrations, respectively, corresponding to 4,000 and
11,802 tetrahedra. We have found that simulation cells with L = 60, 80 and 100 give
essentially identical Qn distributions and ring size distributions, indicating negligible
system size eﬀects.
We performed MC simulations in the canonical ensemble, initiated with silica
monomers randomly distributed on a bcc lattice with periodic boundary conditions.
Two kinds of moves were attempted in the simulations: rotations and translations of
silica tetrahedra. For a given tetrahedron, a rotation was carried out by switching its
vertices (oxygen atoms) from one diamond sublattice to the other, as shown in Fig.
3.1. Translations were attempted by moving a given tetrahedron to any location in
the simulation cell, a form of Glauber dynamics. Moves were automatically rejected
if they produce multiple site occupancy, with the notable exception of allowed double
OH occupancies. Moves that produced allowed occupancies were then accepted or
rejected with the usual Metropolis criterion, using the Hamiltonian in Eq. (3.2) to
compute energy diﬀerences. One MC “step” consists of N attempted translations
and N attempted rotations, where N is the number of silica tetrahedra in the simulation. We note that, although the total number of bcc sites occupied by silicon
and oxygen atoms varies as two vertices from adjacent tetrahedra may occupy the
same site, the number of tetrahedra remained constant during our simulations. We
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kept track of clusters formed during simulations via the Hoshen-Kopelman cluster
counting algorithm [77].

3.3

Results and Discussion

We begin by calibrating the silica condensation energy, ε, given in Eqs. (3.1) and
(3.2). The procedure is described in detail in previous papers [86, 82]. In brief, we performed canonical MC simulations initialized with a slab of β-cristobalite, in contact
with pure solvent (i.e., vacancies) with periodic boundaries in the directions perpendicular to the slab surface, as shown in Fig. 3.3. We then simulated silica solubility
for comparison with experimental values [80]. The best ﬁt is obtained with a ε value
of −4.0 kcal/mol, in good agreement with the calculated condensation energy (−3.2
kcal/mol) for dimer formation from two Si(OH)4 molecules, obtained from density
functional theory coupled with a continuum dielectric model [24, 131]. The diﬀerence
between the experimental and simulated solubilities comes from various approximations in the lattice model, which remains rather simple compared to forceﬁeld-based
approaches. In particular, there is only one tunable parameter - the silica condensation energy - which limits the ﬂexibility of the model for describing the temperature
dependence of the solubility. We chose the condensation energy value that produces
good agreement for the solubility at 25 ◦ C. Reduced temperatures are thus deﬁned
as T ∗ = kT /|ε|, with room temperature corresponding to T ∗ = 0.15.

3.3.1
3.3.1.1

Lower Concentration System
Snapshots of silica polymerization

A series of snapshots from the lower concentration system at T ∗ = 0.15 is shown
in Fig. 3.4. After about 104 MC steps, the system evolved from a conﬁguration with
many smaller clusters to one with fewer larger ones.

59

Figure 3.3. Solubility of silica at the isoelectric point as a function of temperature.
The solid squares represent experimental data from Iler [80], and the open triangles
show the results of NVT simulations. The best ﬁt yields an ε value of −4.0 kcal/mol.
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Figure 3.4. Simulation snapshots of silica polymerization with a mole fraction of
x = 0.002 and room temperature (reduced temperature T ∗ = 0.15). Snapshots are
taken at (a) 104 , (b) 105 , (c) 5 × 105 , and (d) 5 × 106 MC steps. Snapshots are
generated using Visual Molecular Dynamics [79].
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3.3.1.2

Evolution of energy and cluster size

The evolution of energy and cluster size during MC are shown in Fig. 3.5. The
simulated behavior is qualitatively similar to that seen in our more coarse-grained
models of silica polymerization [82, 86, 87]. In particular, the energy is seen to
decrease dramatically until about 5×105 MC steps, and then to continue decreasing
more slowly thereafter. The average cluster size increases rapidly until about 106 MC
steps, with small step-wise jumps in cluster size thereafter. The maximum cluster size
shows a rapid increase to 500 tetrahedra by 2×105 MC steps, followed by ﬂuctuations
around 600 tetrahedra thereafter. The evolution of the number of clusters mirrors
that in the average cluster size because of the ﬁxed number of tetrahedra in the
simulation.

3.3.1.3

Evolution of the Qn distribution

The simulated evolution of the Qn distribution is shown in Fig. 3.6 versus the
number of MC steps, and also versus the degree of condensation deﬁned by c =
∑4
n=0 nQn /4. We note that the degree of condensation, which is the fraction of terminal oxygens converted to bridging oxygens, is proportional to our model energy
according to E = 2N εc. As expected, Q0 silica is rapidly consumed as monomers
form dimers, oligomers and silica particles. The evolution of Q1 shows a peak at
around 102 MC steps, followed by a peak in Q2 at around 103 MC steps. The peak in
Q3 appears much later, at approximately 5×104 steps. The degree of condensation,
c, reaches a value around 0.86 after 5×106 MC steps. This is a high degree of polymerization compared with other simulation studies, and is comparable to that seen
experimentally for higher silica concentrations [116]. The evolution of the Qn distribution provides important information about the polymerization mechanism. We
note that Q0 counts only monomers, Q1 reﬂects dimers and terminal ≡Si-OH groups,
Q2 represents both linear and cyclic chains, and Q3 and Q4 indicate the formation
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Figure 3.5. Energy and cluster evolution for x = 0.002 and T ∗ = 0.15. (a) Reduced
energy of system per lattice site; (b) average cluster size; (c) maximum cluster size;
(d) total number of clusters.
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Figure 3.6. Qn distributions for x = 0.002 and T ∗ = 0.15, as a function
∑of (a) logarithm of MC simulation steps; (b) degree of condensation deﬁned as c = 4n=0 nQn /4.
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of three-dimensional network structures. The connection between the Qn distribution and molecular structure can be seen in Fig. 3.7 which shows magniﬁed (6.5×)
simulation snapshots at simulation times associated with the maxima in Q1 , Q2 and
Q3 , respectively. Figure 3.7a shows a solution of dimers, Fig. 3.7b displays longer
noncyclic chains, and Fig. 3.7c shows the formation of compact nanoparticles with
high degrees of condensation.

3.3.1.4

Coalescence between two silica particles

It is thought that during the early stages of silica polymerization, Ostwald ripening
plays an important role in the process [80]. This is driven by the enhanced solubility
of silica in smaller particles because of the larger surface-to-volume ratios in such
clusters. Ostwald ripening is indeed the mechanism that controls cluster growth in
the present simulations, precisely because we do not include overall cluster moves in
the MC that would promote the competing mechanism of cluster-cluster aggregation.
Nonetheless, when two clusters are suﬃciently close, they have exhibited coalescence
phenomena as exempliﬁed in Fig. 3.8. In this case only 5×103 MC steps were required
to bridge the two particles, but another 4×105 steps were required to thicken the neck,
essentially completing the coalescence.

3.3.1.5

Ring size distributions

We now discuss the evolution of the ring size distribution (RSD) at T ∗ = 0.15 and
x = 0.002, shown in Fig. 3.9. The ring counting algorithm [175] we have used detects
fundamental rings, deﬁned as rings that cannot be divided into two smaller rings.
We performed three statistically independent MC simulations to obtain the RSD,
shown in Fig. 3.9 with standard deviations shown as error bars. As the simulation
proceeds, both average ring size and the number of rings increase. At around 103 MC
steps 3-rings start to form, coinciding with Q2 reaching its maximum value and an
overall degree of condensation of 0.5. After about 104 steps, 4-rings become the most
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(a)

(b)

(c)

Figure 3.7. Magniﬁed (6.5×) snapshots taken from x = 0.002 and T ∗ = 0.15 at (a)
102 MC steps, (b) 103 MC steps, and (c) 5×104 MC steps, corresponding to peaks of
Q1 , Q2 and Q3 in Fig. 3.6, respectively.
66

Figure 3.8. Coalescence between two silica particles during an N V T MC simulation
at T ∗ = 0.15 and x = 0.002. (a) At 3.8 × 105 MC steps, the silica particles on the
left and right contain 463 and 200 Si(OH)4 tetrahedra, respectively; (b) At 3.85 × 105
MC steps the silica particle contains 675 Si(OH)4 units; (c) At 7.5 × 105 MC steps
the silica particle contains 790 Si(OH)4 units.

67

common with the number of 3-rings decreasing slightly, and rings as large as 10-rings
beginning to emerge. After about 105 steps, 6- and 8-rings become the most common
followed by 5- and 7-rings. As silica polymerization proceeds, larger rings (up to 15rings) are observed with increasing frequency. Compared with RSDs of known zeolites
and results from previous simulations of amorphous silica [170, 140], the ﬁnal RSD
in Fig. 3.9 is in reasonable agreement, with signiﬁcant population of 3- to 12-rings,
and dominance of 6- and 8-rings. Our results are also in qualitative agreement with
quantum calculations [132, 133] which ﬁnd that 6-rings are more stable than 5-rings,
but larger rings were not considered.

3.3.2

Higher concentration system

The simulations on the higher concentration system allow closer contact with
experiment. First we compare experiment and simulation of the Qn distribution as
a function of the degree of condensation, c, as shown in Fig. 3.10. In general, the
agreement is quite good, especially given the simplicity of the model. The locations
of the simulated Q1 , Q2 and Q3 peaks are in excellent agreement with experiment,
at c values of 0.25, 0.5 and 0.8, respectively. On the other hand, the heights of these
simulated peaks are lower than experimental values, especially for Q2 . This is mostly
because of the early onset of Q4 silica in our simulations, a likely consequence of using
the lattice model.
Although the MC simulation lacks a system clock, we can still compare the temporal evolution of experimental Qn distributions with simulation “stage” measured by
the number of MC steps. This is shown in Fig. 3.11, where the two graphs are aligned
by the Q0 /Q1 crossing point. We see in Fig. 3.11 that the peaks in Q1 , Q2 and Q3 are
in good agreement between experimental time and simulation steps. This indicates a
roughly linear relationship between MC step and physical time that persists for over
three orders of magnitude for both. Using the Q2 peak (2 hr or 30 MC steps) to
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Figure 3.9. Ring size distributions for T ∗ = 0.15 and x = 0.002 at the following
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determine the proportionality constant indicates that each MC step corresponds to
4 min of physical time. We can also use the Qn crossing points in Fig. 3.11 to assess
agreement between experiment and simulation. Although the Q1 /Q2 crossing point
occurs to the right (i.e., “later”) than that in experiment, the simulated Q3 /Q4 crossing point occurs well before experiment; indeed, this crossing point is not observed
in the 6000 hr experimental time window. As such, the simulated polymerization
process is clearly accelerated compared to experiment, likely from the use of Glauber
MC dynamics which ignore diﬀusion limitations. In addition, the lattice model itself likely facilitates Q4 formation through the existence of ready-made coordination
geometries. Nonetheless, this lattice model has allowed much larger system sizes
compared to previous atomistic models. In addition, our model has produced much
greater degrees of condensation at room temperature, shedding light on structural
properties such as RSDs, which we now discuss for the high concentration system.
Kohara and Suzuya [94] obtained RSDs for vitreous silica and germania by interpreting high energy X-ray and neutron diﬀraction measurements via reverse Monte
Carlo. Their results for the RSD of vitreous silica are essentially the only experimental data available to test our predictions on dense, amorphous silica. In Fig. 3.12
we compare our simulated high concentration RSD with that of Kohara and Suzuya,
focusing on the range of 3- to 10-rings in their work. The overall agreement is very
good. Our simulations are dominated by 6- and 8-rings (as they are at lower concentration), with 7- and 10-rings also prominent. The results of Kohara and Suzuya are
dominated by 6-rings, with 5-, 7- and 8-rings playing major roles as well. Simulation
and experiment agree in the predominance of 6-rings, consistent with quantum calculations on ring stability [132, 133]. On the other hand, experiment suggests that 5and 7-rings are important, while simulation predicts that 3- and 10-rings are frequent.
This discrepancy is likely caused by the use of a lattice model.

71

Figure 3.11. (a) Qn distributions extracted from experimental results [46]. (b)
Simulated Qn distributions at x = 0.02732 and T ∗ = 0.15.
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Figure 3.12. Comparison of simulated RSD at x = 0.02732 and T ∗ = 0.15 with
reverse Monte Carlo analysis of neutron and X-ray diﬀraction from vitreous silica in
Ref. [94]. Both simulation and reverse Monte Carlo agree on the dominance of 6-rings
in amorphous silica.
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Figure 3.13 shows snapshots from the simulation at higher concentration. The
higher concentration makes it diﬃcult to see structural details clearly at this length
scale. A magniﬁed view of one corner of the system is shown in Fig. 3.13b. The silica
structures formed under these conditions exhibit much more branching and crosslinking, as noted by Bhattacharya and Kieﬀer based on MD simulations [13, 14].

3.4

Summary and Conclusions

We have presented a new atomic lattice model for silica polymerization building
on earlier work [86, 87, 82]. The present model involves Si and O atoms occupying
the sites of a bcc lattice, with all atoms arranged in rigid SiO4 tetrahedra. This model
allows for variation in the Si-O-Si angle, giving possible values of 109◦ and 180◦ . We
have enforced restrictions on the formation of 2-rings by discarding them, and on 3and 4-rings through energy penalties. This model allows for a more detailed structural
study of silica polymerization than was possible with previous lattice models [82, 86,
87], while allowing the study of larger system sizes than in earlier atomistic models
[64, 170, 140]. Through suitable choices of energy penalties on rings, this model can
also shed light on structure formation in related materials – chalcogenides and layered
materials.
We have studied two conditions for silica assembly, both at room temperature
and the iso-electric pH of silica: a lower silica concentration relevant to the clear
solution synthesis of zeolite silicalite-1, and a higher concentration corresponding
to NMR measurements of the Qn distribution. Our simulations suggest that silica
polymerization proceeds as follows: (a) dimer and small oligomer formation; (b)
growth of non-cyclic chains; (c) ring formation and growth of spherical particles; (d)
Ostwald ripening of larger particles at the expense of smaller ones; (e) cross-linking
between particles for systems with high silica concentrations. The simulated Qn
evolution is in very good agreement with the NMR data for the high concentration
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(a)

(b)

Figure 3.13. (a) Snapshot from MC simulation at x = 0.02732 and T ∗ = 0.15,
the same conditions as in Fig. 3.10. (b) Magniﬁed (2×) snapshot showing enhanced
branching and cross-linking predicted in silica at higher concentration.
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system. In particular, three-dimensional network formation is found to be very slow,
requiring an order of magnitude in time and Monte Carlo steps to proceed from Q1
to Q2 structures, and another order of magnitude in time and Monte Carlo steps to
go from Q2 to Q3 . Our lattice model simulations do exhibit a tendency to accelerate
formation of more compact, Q3 and Q4 silica. Our simulations show the evolution
of rings, from 3- and 4-rings formed at early times, to rings as large as 15-rings at
later times. The dominance of 6-rings in our simulations is consistent with quantum
calculations of ring stability, and also with reverse Monte Carlo analyses of X-ray and
neutron diﬀraction from vitreous silica.
The simplicity of the present model together with its computational eﬃciency
could make it a valuable tool in understanding the self assembly of silica materials
and other closely related systems. In chapter 5, we apply this model to silica at higher
pH values relevant to mesoporous MCM-41 silica formation.
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CHAPTER 4
EMERGENCE OF ZEOLITE ANALOGS AND OTHER
MICROPOROUS CRYSTALS

In this chapter, we show that a recently developed atomic lattice model of silica
and related materials can form ordered nanoporous solids with a rich variety of structures including known chalcogenides, zeolite analogs, and layered materials. We ﬁnd
that while canonical Monte Carlo simulations of the model consistently produce the
amorphous solids studied in our earlier work, parallel tempering Monte Carlo gives
rise to ordered nanoporous solids. The utility of parallel tempering highlights the
existence of barriers between amorphous and crystalline phases of our model.

4.1

Introduction

Nanoporous materials such as zeolites have been studied extensively for over 50
years because of their myriad applications in shape-selective catalysis and separations
[4]. In addition, zeolite-like electronic materials such as nanoporous chalcogenides
have also received substantial attention [180, 179, 123] because of their potential for
photocatalysis and chemoselective sensing. Synthetic routes for fabricating zeolites
and nanoporous chalcogenides have been discovered,[35] though mostly through trialand-error sampling of reaction conditions, generating precious little insight into how
such framework structures form. With the promise of tailored nanoporous materials
[30, 122] to revolutionize energy, health, and environmental technologies [6, 35], there
is thus a tremendous need for atomic-level understanding of the processes that lead
to ordered nanoporous solids.
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Deem and coworkers have reported ingenious algorithms for sampling the large
space of hypothetical zeolite structures [39, 40, 50, 41, 138], generating databases with
millions of possible frameworks that stimulate eﬀorts in material synthesis. Their
computational approach involves Monte Carlo sampling of randomly generated structures with imposed symmetries, accepted or rejected based on a ﬁctitious Hamiltonian
that measures whether a given new structure exhibits Si-Si lengths, Si-Si-Si angles,
and so forth, typical of known zeolites. While this approach has enjoyed great success
in ﬁnding new frameworks, it does little to show how zeolites actually form during
sol-gel processing.
In Chapter 3, we developed an atomic lattice model for silica polymerization based
on Si and O atoms occupying the sites of a body-center cubic (bcc) lattice [83], with
all atoms arranged in SiO4 tetrahedra similar to the rigid unit model of Dove and
coworkers [70]. Condensation reactions are represented within this model by allowing
two oxygens to occupy a common bridging lattice site, with an accompanying stabilization (−ε ∼ −3kcal/mol [131]) that drives network formation. It is worth noting
that unlike activation relaxation technique [10] in which attempted moves are chosen
from a catalog with existing and possible local topology based on free energy barriers,
in this model, the energy barrier for condensation reaction is neglected. This bcc lattice provides the simplest model that allows for variation in the Si-O-Si angle, which
is largely responsible for the versatility in silica polymorphs. In the present work we
apply parallel tempering Monte Carlo (PTMC) to this model, and show below the
self-assembly of a rich array of crystalline nanoporous materials, from known chalcogenides to zeolite- and clay-analogs. Other advanced simulation techniques, such
as metadynamics,[97, 98] provides eﬀective tool for exploring free energy landscapes
where the evolution of the system is biased and aﬀected by selection of collective
variables. Parallel tempering method,[157] on the other hand, allows simultaneously
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studies of phase space at various values of temperatures without putting bias in to
the system, therefore was chosen to searching the energy minimum in this study.

4.2
4.2.1

Computational Methods
Model Description

Generalizing the application of this bcc lattice model to materials with tetrahedral
(T) and bridging (B) atoms, this lattice geometry produces three T-B-T angles as
shown in Figure 4.1: 70◦ , 109.47◦ , and 180◦ . We exclude structures with 70◦ angles
because these arise from 2-membered rings with cyclic geometry T-B-T-B- (Fig.4.1a),
which experience substantial ring strain and are only observed in silica at 850 ◦ C
and above [45]. For chalcogenide, 2-membered ring structures do exist in 1D chain
structures,[181] however, in this work, we are more interested in open framework 3D
structures and the T-S-T angle is inﬂexible generally within 10◦ of 109◦ .[56] We have
also investigated applying energy penalties on 3- and 4-membered rings to determine
how such penalties inﬂuence the structures that emerge. For the ﬁrst set of results
presented here we applied penalties of 0.6ε and 0.3ε on 3- and 4-rings, respectively,
to a system with 1728 TB4 tetrahedra in a 243 simulation box (i.e., a mole fraction x
= 0.0625, considering 2 sites per bcc unit cell). This choice of parameters was used
in our earlier study of silica polymerization to form amorphous silica. [83]

4.2.2

Simulation Detail

Three dimensional periodic boundary conditions are used in all simulations. The
attempted moves are accepted or rejected according to the Metropolis criterion. One
Monte Carlo step is deﬁned as N attempted moves, where N is the number of tetrahedra in the system, with each move consisting of randomly selecting a tetrahedron and
attempting to translate it followed by randomly selecting another tetrahedron and
attempting to rotate it. Twenty-seven temperature replicas were chosen for parallel
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Figure 4.1. Possible arrangements of two tetrahedra. a, edge-sharing tetrahedra
with ∠TOT =70◦ . b, corner-sharing tetrahedra with ∠TOT =109◦ . c, corner-sharing
tetrahedra with ∠TOT =180◦ .
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Table 4.1. Reduce temperatures grids used in parallel tempering MC simulations.
replica index
T∗
replica index
T∗
replica index
T∗
replica index
T∗

1
0.1500
8
0.1759
15
0.2065
22
0.2438

2
0.1534
9
0.1798
16
0.2111
23
0.2503

3
0.1569
10
0.1838
17
0.2159
24
0.2571

4
0.1606
11
0.1881
18
0.2210
25
0.2643

5
0.1645
12
0.1925
19
0.2263
26
0.2719

6
0.1686
13
0.1971
20
0.2318
27
0.2800

7
0.1722
14
0.2020
21
0.2377

tempering, with the lowest temperature, T ∗ = 0.15, corresponding to the room temperature sol-gel synthesis from previous simulation of silica polymerization.[83] The
highest temperature, T ∗ = 0.28, is suﬃciently high to allow the system to overcome
the energetic barriers to reach the ground states. Exchange of conﬁgurations between
neighboring temperature replicas is attempted every 1,000 MC steps, and a total of
107 MC steps are implemented. For the last 5 × 105 MC steps, the replica exchange
is shut down to let all systems relax at their current temperatures. Table 5.1 gives
the reduced temperatures used in our parallel tempering Monte Carlo simulations.

4.3
4.3.1

Results and Discussion
Parallel Tempering MC Searching for Ground State

Figures 4.2 a, b, and c on the left show initial, intermediate, and ﬁnal conﬁgurations of CMC simulations at T = 300 K or T ∗ = kB T /ε = 0.15. Figure 4.2 d and e
on the right show the same for PTMC from the same random initial conﬁguration;
these snapshots are at T ∗ = 0.15 which is the lowest temperature in the PTMC grid.
CMC was found in all cases to produce disordered structures resembling amorphous
silica, while PTMC was found to produce an ordered solid identical to the structure
of “idealized” β-cristobalite with all T-B-T angles equal to 180◦ , and composed entirely of 6-rings. The utility of PTMC to produce the crystalline β-cristobalite phase
indicates roughness in the free energy landscape of our model, which PTMC is able
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to overcome. Repeating these PTMC calculations with successively lower maximum
∗
temperatures (Tmax
) provides an estimate of the free energy barrier in our model for

crystalline network formation from amorphous silica to β-cristobalite. Tables 5.2-4.9
show results of a sequence of parallel tempering simulations carried out by successively
removing the highest replica while keeping the temperature spacings the same. These
tables refer to the ﬁrst system considered in the text, which has the ring penalties.
√
“ ” indicates that the ﬁnal conﬁguration was crystalline (idealized β-cristobalite in
this case), whereas “×” indicates an amorphous structure. All canonical ensemble
simulations were implemented at lowest temperature with T ∗ =0.15 and all end up
with amorphous silica structures. As the number of replicas was reduced to 13-15,
the lowest temperature replica sometimes was able to locate the crystalline phase and
sometimes not. Based on these results we estimate that to ﬁnd a crystalline structure
with high probability the range of temperatures in the PTMC has to extend to about
T ∗ =0.20. Note that this barrier lacks the intrinsic contribution from the microscopic
condensation process. We have found that the crystalline silica phase emerges from
∗
PTMC only for Tmax
values above 0.2 (T = 400 K), suggesting a network free energy

barrier of 3.3 kJ/mol. Our PTMC simulations help explain experiments by Broge
and Iler [20, 80], who studied silica particle growth for long heating times and at high
temperatures and pressures. They found that when alkali-stabilized sols were heated
above 300 ◦ C (573 K, 4.8 kJ/mol), quartz crystals were produced instead of stable
colloids.

4.3.2

Crystalline Structures found via PTMC

Microporosity in framework structures usually involves 8-rings and/or larger rings
balanced by smaller rings to produce mechanically stable solids. The previous calculations shown in Fig.4.2 biased against the formation of smaller 3- and 4-rings through
energetic penalties, yielding the relatively dense β-cristobalite phase. To investigate
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Figure 4.2. Eﬀect of parallel tempering on the Monte Carlo evolution of the lattice
model with penalties on 3- and 4-rings, in a bcc lattice of size 243 and x=0.0625.
Both CMC and PTMC start with the same random initial conﬁguration, as shown in
a. b and c on the left show intermediate and ﬁnal conﬁgurations from CMC; whereas
d and e on the right illustrate intermediate and ﬁnal conﬁgurations from PTMC, all
at T = 300 K or T ∗ = 0.15. e corresponds to idealized β-cristobalite with ∠T-B-T=
180◦ [inorganic crystal structure database (ICSD) collection code 77459.] Snapshots
are generated using Visual Molecular Dynamics [79].
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∗
Table 4.2. Results of PTMC simulations with 27 replicas (Tmax
=0.28).

replica index
run1
run2
run3
run4
replica index
run1
run2
run3
run4

1
√
√
√
√

2
√
√
√
√

3
√
√
√
√

4
√
√
√
√

5
√
√

6
√
√

7
×
√

8
×
√

×
√

15
×
×
×
×

16
×
×
×
×

17
×
×
×
×

18
×
×
×
×

19
×
×
×
×

×
×
20
×
×
×
×

×
×
21
×
×
×
×

×
×
22
×
×
×
×

9
×
×
×
×
23
×
×
×
×

10
×
×
×
×
24
×
×
×
×

11
×
×
×
×
25
×
×
×
×

12
×
×
×
×
26
×
×
×
×

13
×
×
×
×
27
×
×
×
×

14
×
×
×
×

∗
Table 4.3. Results of PTMC simulations with 23 replicas (Tmax
=0.2503).

replica index
run1
run2
run3
run4
replica index
run1
run2
run3
run4

1
√
√
√
√

2
√
√
√
√

3
√
√
√
√

4
√
√
√
√

5
√
√
√
√

6
√
√
√
√

13
×
×
×
×

14
×
×
×
×

15
×
×
×
×

16
×
×
×
×

17
×
×
×
×

18
×
×
×
×

7
√
√

8
√

9
√

10
√

×
√

×
×
√

19
×
×
×
×

20
×
×
×
×

×
×
×
21
×
×
×
×

×
×
×
22
×
×
×
×

11
×
×
×
×
23
×
×
×
×

12
×
×
×
×

∗
Table 4.4. Results of PTMC simulations with 19 replicas (Tmax
=0.2263).

replica index
run1
run2
run3
run4
replica index
run1
run2
run3
run4

1
√
√
√
√

2
√
√
√
√

3
√
√
√
√

4
√
√
√
√

5
√
√
√
√

6
√
√
√
√

7
√
√
√
√

8
×
√

11
×
×
×
×

12
×
×
×
×

13
×
×
×
×

14
×
×
×
×

15
×
×
×
×

16
×
×
×
×

17
×
×
×
×

18
×
×
×
×
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×
√

9
×
×
×
×
19
×
×
×
×

10
×
×
×
×

∗
Table 4.5. Results of PTMC simulations with 15 replicas (Tmax
=0.2065).

replica index
run1
run2
run3
run4

1
√
×
√
√

2
×
×
×
√

3
×
×
×
√

4
×
×
×
×

5
×
×
×
×

6
×
×
×
×

7
×
×
×
×

8
×
×
×
×

9
×
×
×
×

10
×
×
×
×

11
×
×
×
×

12
×
×
×
×

13
×
√
×
×

14
×
×
×
×

15
×
√
×
×

∗
Table 4.6. Results of PTMC simulations with 14 replicas (Tmax
=0.2020).

replica index
run1
run2
run3
run4

1
√
√
×
×

2
√

3
√

×
×
×

×
×
×

4
×
×
×
×

5
×
×
×
×

6
×
×
×
×

7
×
×
×
×

8
×
×
×
×

9
×
×
×
×

10
×
×
×
×

11
×
×
×
×

12
×
×
×
×

13
×
√

14
√
×
×
×

×
×

∗
Table 4.7. Results of PTMC simulations with 13 replicas (Tmax
=0.1971).

replica index
run1
run2
run3
run4

1
×
×
√
√

2
×
×
×
×

3
×
×
×
×

4
×
×
×
×

5
×
×
√
×

6
×
×
×
×

7
×
×
×
×

8
×
×
×
×

9
×
×
×
×

10
×
×
×
×

11
×
×
×
×

12
×
×
×
×

13
×
×
×
×

∗
=0.1881).
Table 4.8. Results of PTMC simulations with 11 replicas (Tmax

replica index
run1
run2
run3
run4

1
×
×
×
×

2
×
×
×
×

3
×
×
×
×

4
×
×
×
×

5
×
×
×
×
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6
×
×
×
×

7
×
×
×
×

8
×
×
×
×

9
×
×
×
×

10
×
×
×
×

11
×
×
×
×

∗
Table 4.9. Results of PTMC simulations with 7 replicas (Tmax
=0.1722).

replica index
run1
run2
run3
run4

1
×
×
×
×

2
×
×
×
×

3
×
×
×
×

4
×
×
×
×

5
×
×
×
×

6
×
×
×
×

7
×
×
×
×

the self-assembly of ordered microporous materials within the present lattice model,
we thus removed such ring penalties and ran PTMC with a variety of mole fractions
(i.e., silica densities) less than or equal to the β-cristobalite value xβ = 0.0625. A
rich variety of structures emerges from this approach, including known chalcogenides,
zeolite analogs, and layered materials.
One set of representative snapshots from parallel tempering simulations for the
system without ring penalties are shown in Figure 4.3. Figure 4.3 a describes initial
conﬁguration with 64 tetrahedra randomly distributed on an 8 × 8 × 8 bcc unit
cells system. Figure 4.3 b depicts the ﬁnal conﬁguration from the CMC simulation
with the same initial condition, and we see that some of the tetrahedra are still not
fully connected and the structure is not crystalline. Figure 4.3 c-p illustrate ﬁnal
conﬁgurations for 14 out of the 27 replicas in the PTMC, arranged from low to high
temperatures. Replicas at lower temperatures Figure 4.3 c-n form various crystalline
structures, including chalcogenides (e and i), zeolite-analogs (f, g, h and n) and layered
materials (c, k and m). At highest temperatures, the thermal ﬂuctuations are large
enough to overcome the energy barriers and even keep the system out of ordered
states. Two replicas at higher temperatures where the system remain disordered are
shown in Figure 4.3 o and p.
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Figure 4.3. Visualizations of replicas from both CMC and PTMC simulations. Simulation box 8 × 8 × 8 bcc lattice, x=0.0625. a, Initial conﬁguration of all replicas,
for both CMC and PTMC simulations. b, Final conﬁguration from CMC (temperature set the same as lowest temperature of PT) where some of silica tetrahedra are
still not fully connected. In most cases the CMC simulations do not form crystalline
microporous structures. c-p, Snapshots of PTMC from low to high temperatures,
with T ∗ shown above each replica. Various layered, zeolite-analog, and chalcognide
structures are found at lower temperatures c-n. For the highest temperatures (o and
p) the system remains disordered.
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4.3.2.1

Zeolite-Analogs

Figure 4.4 shows the evolution of PTMC from a random initial condition to a
structure denoted as a “zeolite analog” in an 8 × 8 × 8 bcc lattice with x = 0.75xβ
= 0.04688. The resulting structure contains two interpenetrating 12-ring channels as
shown in c and d, and exhibits both allowed T-B-T angles of 109.5◦ and 180◦ . Figure
4.5 illustrate two other examples of crystalline zeolite analogs self-assembled through
PTMC.

4.3.2.2

Chalcogenides

Figure 4.6 and 4.7 show the self-assembly of four known chalcogenide structures
by PTMC from random initial conditions. The actual materials are sulﬁdes and
selenides with promising photocatalytic and chemosensing properties [180, 179, 123].
Both chalcogenides in Figure 4.6 are large-pore materials comprised of 12-ring (Fig.
4.6 c) and 16-ring (Fig. 4.6 f) channels. These materials exhibit all T-B-T angles of
109.5◦ , to be contrasted with the idealized β-cristobalite in Fig. 4.2 (all 180◦ ) and the
zeolite-analog in Fig. 4.4 (a mix of 109.5◦ and 180◦ ).

4.3.2.3

Layered Materials

Applying PTMC to this lattice model has produced a great many more crystalline
microporous structures beyond those shown above. These fall into three general
classes: layered materials such as those shown in ﬁgure 4.8, chalcogenide analogs
shown in Fig. 4.8 (all T-B-T angles equal to 109.5◦ ), and zeolite-analogs shown in
Fig. 4.4 and 4.5 (mix of 109.5◦ and 180◦ T-B-T angles).
This atomic bcc lattice model is thus capable of generating a rich diversity of ordered microporous materials found in nature. It is interesting to compare the nature
of our PTMC/lattice model simulations with real zeolite synthesis conditions. Zeolites are synthesized by tuning pH and temperature, largely to control the thermodynamic solubility and condensation kinetics of silica. Our model tunes silica solubility
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Figure 4.4. Self-assembly of a crystalline microporous zeolite-analog with two interpenetrating 12-ring channels formed via PTMC, in an 8×8×8 unit bcc lattice with
x = 0.75xβ = 0.04688. a and b show initial (random) and ﬁnal conﬁgurations from
PTMC. c and d show 3 × 3 × 3 periodic extensions of that in Fig. b, viewed along
and normal-to the [110] direction, respectively. The black lines indicate the unit cell
boundaries.

89

Figure 4.5. Crystalline microporous Zeolite-Analogs with two interpenetrating channels formed using parallel tempering, with cubic unit cell L=8. a-d, at density
x=0.058594 with random initial conﬁguration shown in a. b, ﬁnal conﬁguration of a
representative replicas from parallel tempering. c and d are two snapshots of the same
crystalline microporous materials generated by periodic replication of 3 × 3 × 3 unit
cells in b. Two interpenetrating channels composed with both 8-rings are shown. Figure e-h describe another example of microporous materials with two interpenetrating
channels consist of 10-rings and 12-rings respectively, at density x=0.04688.
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Figure 4.6. Crystalline microporous chalcogenides formed from PTMC. Two examples are shown with structures equivalent to experimentally synthesized materials.
The ﬁrst example started with random initial conﬁguration shown in a, in an 8×8×8
bcc lattice with x = 0.75xβ = 0.04688. c shows the 3 × 3 × 3 periodic extension of
the ﬁnal conﬁguration in b. The structure shown in b and c is the decorated sodalite
framework synthesized experimentally by Zheng et al (ICSD collection code 281751
[180]). The second example from PTMC is shown in d-f, initiated from a random
initial conﬁguration shown in d in a 4 × 12 × 12 bcc lattice with x = 0.8889xβ . f gives
an 6 × 2 × 2 periodic extension of the ﬁnal conﬁguration in e. The structure shown
in e and f has also been synthesized experimentally [180] (ICSD collection code of
281749).
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Figure 4.7. Two examples of ordered periodic porous chalcogenides generated by
parallel tempering that correspond to experimentally studied structures. a, Random
initial conﬁguration with x=0.03125=0.5xβ with total of 64 Si(OH)4 in the 8 × 8 × 16
bcc unit cell. b shows the an ordered structure obtained in PTMC with 24 T-atoms. c
and d show diﬀerent views of this ordered structure generated by periodic replication
of 4×2×2. This 3D framework corresponds to one of the two interpenetrating lattices
set of UCR-22 as synthesized by Feng et al. [180] (ICSD collection code of 281742).
Another representative chalcogenide is shown in e-g, with x=0.0625, with 4 × 4 × 8
bcc unit cells. Periodic ordered structures generated by periodic replication of unit
cell in e are shown in f and g. From this point of view, we observe channels with 12membered rings. Another view of ordered porous chalcogenide in g, and triangular
pores comprised of 9-membered rings were shown. The structure corresponds to
the chalcogenide Ca2 Ge2 S8 synthesized by Zheng et al.[180] (ICSD collection code of
281736.)

92

Figure 4.8. Crystalline layered materials formed from PTMC in 8×8×8 bcc lattices
with x = 0.75xβ = 0.04688. Each crystalline structure has two snapshots given along
and normal-to the [1 1 0] surface.
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through the condensation energy parameter (ε), and assumes that condensation is
instantaneous on the “time scale” of a Monte Carlo step, estimated in previous work
to be 4 min [83]. Also crucial for zeolite synthesis is some structure directing agent
to steer silica polymerization to cage-like structures. In our model this steering may
be accomplished through controlling density, the geometry of the lattice model, and
by applying PTMC which allows the system to evolve rapidly to ground states such
as the ordered materials found herein. In future work we will also investigate the
incorporation of structure directing agents into the model.

4.4

Summary and Conclusions

In conclusion, we have reported Monte Carlo simulations of a diverse atomic lattice model for silica and other T-B-T type materials that captures the basic feature
of low coordination number network-forming materials where the three dimensional
structures can be viewed as arrangement of corner-sharing tetrahedra. The simplicity of this tetrahedral model make it possible to sample the self-assembly of an extremely rich variety of ordered microporous materials including known chalcogenides,
layered materials, and zeolite analogs. We ﬁnd that while canonical Monte Carlo
simulations of the model consistently produce the amorphous solids lack crystallinity,
parallel tempering Monte Carlo gives rise to ordered nanoporous solids. The success in obtaining crystalline structure through parallel tempering demonstrated that
zeolite-like materials in possession of similar energy scales while the barriers among
disparate frameworks are relatively large. This ﬁnding opens up myriad avenues for
future research, including analysis of crystallization pathways to determine critical
nuclei for formation of zeolites and related nanoporous materials.
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CHAPTER 5
SIMULATING THE FORMATION OF SURFACTANT
TEMPLATED MESOPOROUS SILICA MATERIALS

In this chapter, we applied the atomistic model of silica described in Chapter
3 to simulate the formation of mesoporous MCM-41 silica materials in presence of
surfactant molecules. A “two-step synthesis” was modeled during simulation: the
ﬁrst step resembles the initial stage where high pH and low temperature were usually
used and silicate polymerization is negligible; the second step mimics the experimental
approach of lowering solution pH and increasing the temperature to promote inorganic
species condensation. This provides the ﬁrst molecular simulation study with explicit
representation of silicic acid condensation and surfactant self-assembly, opening the
door to understand their formation mechanism and detailed structures with atomic
resolution.

5.1

Introduction

As introduced in Chapter 1, mesoporous silica materials have been studied extensively since their introduction in 1992.[95, 9] Tremendous eﬀort has been made to
understand their formation mechanism and to develop new materials with advanced
functionalities.[121, 28, 27, 8, 161, 60, 59, 31, 177, 178, 174, 35, 109, 55] Although great
progress has been made, the amorphous atomic structure and formation mechanism
of MCM-41 remain poorly understood.[9] In the present chapter, we have developed
and applied a composite model of silica and surfactant that produces atomic-level
information on MCM-41 formation and structure.
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5.2
5.2.1

Model Description
Lattice Model Representation

We focus on alkaline solution synthesis of siliceous mesoporous materials starting
with aqueous silica sources (no alumina) and surfactant molecules. We combine our
model of silica polymerization[83, 84] with the model of Larson for surfactant-water
systems, and this builds on the earlier work of Siperstein, Gubbins and coworkers.[154,
155] One commonly used silica source is tetraethyl-orthosilicate (TEOS), which undergoes complete hydrolysis at high pH and water-to-silica ratios to yield ethanol and
silicic acid, Si(OH)4 . We consider alkyl-trimethyl ammonium bromide (ATA-Br) as
the surfactant and sodium hydroxide (NaOH) as the base, yielding a solution with
the following ionic species: ATA+ , Br− , Na+ , and OH− in addition to various anionic
silica species. Such an MCM-41 synthesis thus involves water/ethanol solutions containing Si(OH)4 , ATA+ , Br− , Na+ , and OH− . We seek a simpliﬁed representation of
this system, containing the essential ingredients for MCM-41 formation. We begin by
treating water and ethanol as identical solvent molecules, denoted by “S,” and represented as lattice vacancies. We explicitly represent Si(OH)4 and ATA+ species in
our lattice model simulations as detailed below. We do not explicitly represent Br− ,
Na+ , or OH− ; however, the precise number of OH− present in our system, which
reﬂects the solution pH, is a key variable that we track for use in the Monte Carlo
probabilities described below.
Our lattice model is based on a body-centered cubic (bcc) lattice, which can be
viewed alternatively as:[91] (i) two interpenetrating diamond lattices thus facilitating
a tetrahedral representation of Si(OH)4 species as we have done in our earlier work;[83,
84] (ii) two interpenetrating simple-cubic (sc) lattices. In what follows, we represent
each surfactant molecule as occupying several connected sites on one sc sublattice
[102, 99, 100] of the overall bcc lattice, and each Si(OH)4 species as occupying several
connected sites on a diamond sublattice of the same, overall bcc lattice. By using
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the simple cubic lattice for the surfactant we were able to test our model against the
previous work on surfactant water systems [101, 61, 154, 155].

5.2.1.1

Surfactant Molecules

These are represented as Hi Tj , with i hydrophilic head groups (H) and j hydrophobic tail groups (T) occupying chains of connected sc lattice sites. This model
of amphiphilic assembly was originally proposed by Larson;[102, 99, 100] we follow
√
Larson’s speciﬁcation that lattice sites within one cube-diagonal distance ( 3 times
the base sc lattice distance) are deﬁned as connected sites with an equal magnitude
of interaction. For example, the interaction between the site (0, 0, 0) and sites at
(0, 0, 1), (0, 1, 1,), and (1, 1, 1) are taken to be the same, although their distances
diﬀer. The coordination number of Larson’s surfactant model is 26, including 6 nearest neighbors, 12 face-diagonal neighbors, and 8 cube-diagonal neighbors. For direct
comparison with Larson’s previous results,[102, 99, 100] we allow occupation of surfactants on only one sc sublattice of the overall bcc lattice. We focus herein on H4 T4
surfactants, which model the limit of short alkyl chains in alkyl-trimethyl ammonium
species.

5.2.1.2

Silicic Acid Si(OH)4

Our atomic lattice model of silicic acid polymerization has been described in
detail elsewhere;[83] here we brieﬂy summarize the model. We represent Si(OH)4
molecules as rigid tetrahedra on the bcc lattice by coarse graining OH groups into
single particles. We thus assume that Si atoms, OH groups, and H2 O molecules occupy
the same eﬀective volume. As such, each Si(OH)4 tetrahedron occupies ﬁve bcc sites.
Each Si(OH)4 unit moves on the lattice via translation and rotation. Because the bcc
lattice is equivalent to two interpenetrating diamond sublattices, the reorientation
move corresponds to switching tetrahedral vertices from one diamond sublattice to
the other.
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We represent silica condensation – the conversion of terminal OH groups to bridging oxygens by the process ≡Si–OH + HO–Si≡

≡Si–O–Si≡ + HOH – by a process

where the OH groups from two tetrahedral vertices come together at a given site to
create a bridging oxygen and a water molecule which occupies the site vacated by one
of the tetrahedral vertices.[83] This approach allows the sampling of silica condensation/hydrolysis reactions while maintaining intact tetrahedra throughout.
In alkaline aqueous solutions, the distribution of silicate species is governed by
deprotonation equilibria, with the ﬁrst two deprotonation equilibrium constants for
silicic acid given by:
K1 =

[Si(OH)3 O− ][H+ ]
[Si(OH)4 ]

(5.1)

K2 =

+
[Si(OH)2 O2−
2 ][H ]
[Si(OH)3 O− ]

(5.2)

where pK1 and pK2 at STP are 9.5 and 12.6, respectively.[150] The doubly deprotonated molecules Si(OH)2 O2−
2 do form at high enough pH; however, they are relatively
unreactive in polymerization reactions.[166] At pH = 11 and ionic strength = 1 M,
the mole fraction of Si(OH)2 O2−
2 is less than 5%, and when the pH drops below 10.5
the Si(OH)2 O2−
2 species essentially vanishes.[150] As such, to avoid unnecessary complexity in our model, we consider only singly deprotonated Si(OH)3 O− molecules,
henceforth called ionic silica and denoted as “SI .” One oxygen in each tetrahedron
representing SI is chosen at random and marked as negatively charged in our lattice
model. Such anionic oxygens do not participate in polymerization in this model, and
as such are precluded from engaging in condensation reaction with OH groups or
other O− anions. In contrast, the three OH groups on SI and all four OH groups on
neutral silicic acid (denoted as “SN ”) can engage in polymerization.
With these deﬁnitions, the molecular species in our lattice model are as follows:
one solvent S in each vacant site; surfactant H4 T4 occupying 8 connected simple-cubic
sites; neutral and anionic silica monomers, SN and SI , respectively, each occupying 5
tetrahedrally-arranged sites on the bcc lattice. We ﬁnd it most convenient to specify
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the lattice model interactions among the following ﬁve species: H, T, S, SN , and
SI . Only two-body interactions are considered; the interaction energy between pairs
is labelled by εij (i, j = H, T, S, SN , SI ). We begin by describing the physical,
intermolecular interactions between surfactant and silica species; we then detail the
chemical, polymerization energies between SN and SI species.
Under conditions where silica condensation can be neglected, the total energy of
the system is given by:
H=

1 ∑∑
Nij εij ,
2 i j

(5.3)

where Nij is the total number of neighbors with interaction energy εij within a certain
cutoﬀ distance, chosen from pre-built neighbor lists between components i and j. As
discussed previously by Siperstein and Gubbins,[155] Monte Carlo simulations of the
surfactant-water system on the SC lattice require only the net energy change between
two conﬁgurations (this does not apply to the interactions involving silica species in
our model). This energy change depends only on the interchange energy of replacing
species i with species j, given by ωij = εij − 12 (εii + εjj ). In what follows the reduced
temperature is deﬁned as T ∗ = kB T /|ωHT |, where kB is Boltzmann’s constant, and
ωHT is the head-tail interchange energy. All other interaction energies are also deﬁned
relative to |ωHT |. The surfactant-solvent interchange energies used in our model
satisfy ωHT = ωST and ωHS = 0, following Panagiotopoulos and coworkers.[112, 113, 61]
This reﬂects the fact that polar head groups (H) and dipolar solvent species (S) are
generally hydrophilic, and hence are interchangeable and share similar interchange
properties with tail groups (T).
It is known that the solubility of silica increases dramatically with solution pH,[150]
and also depends on alcohol content.[168] In this paper, we only consider the case
where silica and solvent are completely miscible (εS−SI = 0 = εS−SN ). Other situations
where inorganic species are either partially miscible or completely immiscible will be
discussed in future work.
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We impose strong attractions between silica and surfactant head groups with εH−SI
= εH−SN = −2, which are justiﬁed as follows. For ionic silica, the major contributor to
εH−SI is the electrostatic attraction between anionic silica and cationic surfactant head
groups. Therefore, a given H-SI attraction in our model depends on the position of the
negatively charged oxygen in SI . The H-SN attraction is dominated by several chargedipole interactions between the charge in H and the OH local dipoles in SN .[57] For
simplicity, we adopted the same strength for H-SI and H-SN attractions in the present
model. The strong aﬃnity between silicate and surfactant provides the driving force
for mixing of these components, and for phase separation of silicate/surfactant from
the solvent-rich phase, as found by other researchers who used this same parameter
set.[155, 126]
Regarding interaction length scales, the H-SN attraction takes eﬀect when the
distance between a surfactant head group and a central silicon atom of an SN group
√
is within 3 of the base bcc lattice distance. In contrast, an H-SI attraction takes
eﬀect when a negatively charged oxygen and a surfactant head group are within this
√
same 3 lattice distance. Given the current representation of our bcc lattice model,
√
the 3 lattice distance includes 58 neighboring sites and corresponds to a distance
of 3.2 Å, which is twice the typical Si-O bond length. The interaction parameters εij
relative to |ωHT | are given in Table 5.1.
Table 5.1. Interaction Parameters (εij )
εij
H
T
S
SI
SN

H
0
0
0
-2
-2

T
0
-2
0
0
0

S
0
0
0
0
0
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SI
-2
0
0
0
0

SN
-2
0
0
0
0

Now considering silica polymerization, we assume for simplicity that formation
of bridging oxygen in SN -SN and SN -SI condensations carry the same stabilization,
denoted by the generic silica condensation energy ε < 0. Below we discuss this energy
in comparison with the head-tail interchange energy scale |ωHT |. In our previous
work on silica polymerization,[83] we found that applying small penalties on 3- and 4membered rings, which arise very naturally in the present lattice model, is necessary to
produce a realistic model of amorphous silica. As in our previous work, the penalties
on each 3- and 4-ring were taken to be ε3 = 0.6|ε| and ε4 = 0.3|ε|, respectively.
5.2.2

Model Parameterization

In our previous work on this bcc lattice model, we found that the silica condensation energy of ε = −4.0 kcal/mol = −16.7 kJ/mol was found to reproduce silica
solubility in water at low pH and STP.[83] The challenge is thus to relate this energy
scale to the |ωHT | interchange energy. To construct this connection, we simulated
the H4 T4 -solvent binary system over a range of H4 T4 volume fractions. At certain
volume fractions, we carried out canonical ensemble simulations at various temperatures and recorded the highest temperature at which ordered phases (i.e., hexagonal
or lamellar) formed.
The simulated H4 T4 -solvent phase diagram is plotted in Figure 5.1a, whereas
Figure 5.1b shows a schematic phase diagram of C16 TMABr in water based on experimental data from Brinker et al.[139] Although there are quantitative diﬀerences
between the experimental and simulated phase diagrams (Figure 5.1), they show
qualitative agreement, especially at higher surfactant concentrations in the hexagonal and lamellar regimes. The interchange energy |ωHT | was calibrated by comparing
the highest simulated and experimental temperatures that form the hexagonal phase.
∗
The resulting order-disorder transition temperatures are TMC
= 8.6 for simulation

and Texp = 508 K from experiments, suggesting the value |ωHT | = kB × (508K)/8.6 ≈
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0.5 kJ/mol. We thus arrive at the relation between the fundamental energy scales
in our model: |ε/ωHT | ≈ 30 indicating that silica condensation energetics are more
than an order of magnitude larger than surfactant-surfactant and surfactant-silica
attractions.

5.3

Simulation Methodology

To study MCM-41 formation and structure we have employed a variety of molecular simulation techniques as detailed below. Most of the results were obtained from
canonical ensemble Monte Carlo simulations. We also implemented reactive ensemble
MC (REMC) to treat the deprotonation equilibrium of silicic acid. All Monte Carlo
simulations were carried out with periodic boundary conditions in three dimensions.

5.3.1

Canonical Ensemble Simulation

To sample surfactant molecule conﬁgurations, we implemented MC moves involving chain reptation, chain twisting,[102] cluster moves, and chain regrowth (partial
and complete regrowth) using conﬁgurational-bias Monte Carlo.[144, 152, 63] Various
mixes of MC moves were chosen based on the components and compositions of the
system. For binary surfactant-solvent systems at low surfactant concentrations (micellar regime of the phase diagram), the typical mix of MC moves was 50% complete
regrowth, 49.9% reptation, and 0.1% cluster moves. Two surfactant molecules were
considered part of the same cluster if they are connected by at least one tail-tail attraction. Our cluster moves followed the spirit of the Swendsen-Wang algorithm.[158]
In particular, an entire cluster was shifted by one ﬁrst-neighbor distance (i.e., the
shortest possible displacement on the bcc lattice) in random directions, hence obeying detailed balance.[169] If clusters move in such a way that a new, larger cluster
forms by the aggregation of the individual clusters, the cluster move was rejected be-
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Figure 5.1. Phase diagram for surfactant-solvent system. (a) Simulated phase
diagram for H4 T4 -solvent system. Symbols are results from Canonical Ensemble
simulations averaged over three statistically independent runs, and error bars show
one standard deviation.  Hexagonal phases; △ Lamellar phases. Lines are plotted
to guide the eyes. (b) Schematic phase diagram for C16 TMABr in water, data taken
from Brinker et al.[139]
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cause of the violation of microscopic reversibility, since in the next step these clusters
would be considered as a single cluster.[169]
We tested our simulation approach for the binary system (H4 T4 -solvent) by comparing the volume fraction of micelles at diﬀerent temperatures (T ∗ = 6.5 and 8.0)
and compositions with the simulation studies of Floriano et al.[61] Our calculated
volume fractions versus cluster aggregation number showed excellent agreement with
the grand canonical ensemble results of Floriano et al. as shown in Figure 5.2. For the
ternary system containing solvent, surfactant H4 T4 species, and also silica (neutral SN
and/or anionic SI species), both rotational and translational moves of silica tetrahedra
were implemented. The rotational move corresponds to switching tetrahedral vertices
from one diamond sublattice to the other. The translational move was attempted by
moving a silica tetrahedron to any location in the simulation box while keeping its
orientation unchanged, i.e., by ﬁxing its sublattice and the relative position of the
negatively charged oxygen if moving an SI . Other than chain regrowth moves which
were accepted or rejected based on the conﬁgurational-bias Monte Carlo scheme, the
remainder of MC moves were accepted according to the standard Metropolis criterion
determined by the Boltzmann factor associated with the conﬁgurational change.[63]

5.3.2

Reaction Ensemble Monte Carlo

As discussed above, the composition of silica solutions depends strongly on pH.[80,
150, 109] We treat the inﬂuence of pH in our simulations using reactive ensemble
Monte Carlo[156, 85] (REMC) to model silicic acid deprotonation equilibria. In our
simulations we consider the singly-ionized silicate anion SI = Si(OH)3 O− generated
through the following reaction:

≡Si–OH + OH−

≡Si–O− + H2 O.
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(5.4)

0.0025

volume fraction

0.0020

0.0015

0.0010

0.0005

0.0000
0

20

40

60

N

80

100

120

140

(a)
0.0012

volume fraction

0.0010

0.0008

0.0006

0.0004

0.0002

0.0000
0

20

40

N

60

80

100

(b)
Figure 5.2. Volume fraction of clusters φ versus cluster aggregation number N for
binary H4 T4 -water system. (a) L=80, T ∗ =6.5: φ = 0.01478 (×), φ = 0.03544 (⊙),
φ=0.06609 (△). (b) L=80, T ∗ =8.0: φ = 0.03514 (×), φ = 0.04678 (⊙), φ=0.06960
(△). Only even values of N are displayed for clarity. Symbols are results from
Canonical Ensemble simulations, and lines are drawn to guide the eyes.
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The equilibrium coeﬃcient for Eq. (5.4) depends on local silica structure through its
Qn value, i.e., the number of bridging oxygens surrounding a given Si center. Using
the deﬁnitions of the aqueous acid equilibrium constant, Ka ≡ [H+ ][A− ]/[HA], and
that of Kw ≡ [H+ ][OH− ], we use the following formula for KD :

KD (n) =

Ka1 (n)[H2 O]
,
Kw

(5.5)

where Ka1 (n) are the ﬁrst acid ionization coeﬃcients for Qn silica species. We assume
the molarity of water to be 55.6 mol/L, a pKw value of 14, and we use the pKa1 (n)
values shown in Table 5.2 from White et al.[167]) The resulting values of KD (n) are
shown in Table 5.2.
Table 5.2. Equilibrium Constants for Silicate Speciation
species
pKa1
KD

Q0
9.51
1.76×106

Q1
9.851
7.9×105

Q2
11.22
3.5×104

Q3
11.22
3.5×104

The REMC scheme we have used for sampling silica acid/base reactions is given
in ﬂowchart form in Figure 5.3. The process begins by randomly choosing one silica
tetrahedron. If an SN molecule is selected, the forward reaction in Eq. (5.4) is attempted by replacing the SN with an SI keeping the same sublattice orientation but
with random location of the newly formed O− , and by updating the numbers of OH−
and H2 O. We note that although OH− is not explicitly represented in our lattice
model, we keep track of the total number of OH− groups in the system for computing
REMC probabilities as described below. If an SI is selected, we attempt the reverse
of Eq. (5.4). Focusing now on the forward reaction, we next identify n = the number
of bridging oxygens around the chosen SN ; if n = 4 the deprotonation move is aborted
for lack of protons, while if n ≤ 3 the appropriate value of KD (n) from Table 5.2 is
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extracted. The energy change ∆E from replacing SN with SI is then calculated for
use in the following REMC probability:[86]

p = min{1, exp(−∆E/kB T )KD (n)

NSN NOH−
}.
(NSI + 1)(NH2 O + 1)

(5.6)

If the forward reaction MC move is accepted, the numbers NSI and Nsolvent increase by
one while NSN and NOH− decrease by one (and vice versa for the backward reaction).
The backward reactive move is accepted with the probability:

p = min{1, exp(−∆E/kB T )

1
NSI NH2 O
}.
KD (n) (NSN + 1)(NOH− + 1)

(5.7)

We note that although SN and SI share the same interaction parameters in Table
5.1, these interactions are computed from diﬀerent reference points in the lattice (Si
atom in SN , and O− atom in SI ). As such, SN /SI replacements can change the system
energy. We also note that although NSN and NSI ﬂuctuate during REMC, the total
number of tetrahedra = NSN + NSI is conserved during REMC.
5.3.3

Two-Step Synthesis

As discussed above, MCM-41 syntheses typically proceed via two steps: the ﬁrst
at low temperature and high pH where silica condensation can be neglected, and
the second at higher temperature and sometimes lower pH where silica condensation
becomes relatively rapid. We modeled this two-step approach by deﬁning an initial
stage of the MC simulation in which the silica condensation energetics were set to
zero, i.e., ε = ε3 = ε4 = 0. Although double occupancy of OH groups is allowed
during this stage, there is no thermodynamic driving force to maintain connections
between neighboring tetrahedra. As a further simpliﬁcation, we note that at pH =
11, approximately 95% of silicic acid is deprotonated in the form of ionic silica.[150]
As such, the ﬁrst stage of the simulation starts with all ionic silica SI , and no REMC
moves between SI and SN were considered during this stage.
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Figure 5.3. Flowchart of the steps involved in silica acid/base Monte Carlo moves.
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After silicate-surfactant liquid crystal mesostructures formed exhibiting long-range
order, we initiated the second stage of the simulation with REMC sampling of acidbase equilibria, and silica condensation controlled by the following energy parameters:
the silica condensation energy ε = −30|ωHT |, the three-ring penalty ε3 = +18.0|ωHT |,
and the four-ring penalty ε4 = +9.0|ωHT | as discussed above. Initial conditions for
NOH− were determined by system pH. A pH of 10 corresponds to NOH− = 0.72 in the
30×30×240 lattice; this rounds up to NOH− = 1 initially. We also considered a pH of
11 which gives NOH− = 7 initially, and a pH of 12 which gives NOH− = 72 initially.
In all cases, the value of NOH− was reset to its initial value after 1000 MC steps to
simulate a buﬀering eﬀect of keeping pH constant.

5.3.4

Simulation Details

Ternary surfactant-silica-solvent systems were studied using the “direct interfacial
method” following Panagiotopoulos and coworkers, where one dimension (z) of the
simulation box was 8 times the size of the other two directions.[112] The elongated
z dimension favors the formation of planar interfaces which helps to interpret the
properties of the surfactant-silica rich phase. The box size used in simulations was
30×30×240 bcc sites on each edge.
Two silicic acid molecules were considered part of the same cluster if they share
one bridging oxygen atom. Cluster sizes of surfactant and/or silica phases were calculated using the Hoshen-Kopelman cluster-counting algorithm.[77] Ring-size distributions were calculated using the algorithm proposed by Yuan et al.[175] where only
fundamental rings (deﬁned as rings that cannot be divided into two smaller rings)
were counted.
In what follows, we deﬁne one MC “step” as attempts to move each of the Nchain
H4 T4 surfactants, and each of the NSN + NSI silica tetrahedra, once. A typical mix
of MC moves during stage one included 20% complete chain regrowth, 20% partial
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chain regrowth, 58% chain reptation, 1% silica tetrahedron translation, and 1% silica
rotation. In contrast, during stage two, the MC moves involved 20% complete chain
regrowth, 20% partial chain regrowth, 58% chain reptation, 0.02% silica acid/base
reactions, 0.99% silica translation, and 0.99% silica rotation.
The concentrations of species ci were deﬁned as the total number of a certain
kind of molecule divided by the total number of bcc sites (Nsite ) = 2 × Lx × Ly
× Lz where Lx , Ly , and Lz are the numbers of bcc lattice sites in the simulation
box along x, y, and z directions, respectively. A typical example of concentrations
studied during stage one involves cH4 T4 = 0.009375 and cSI = 0.015. The former
value represents 15% of the maximum possible surfactant concentration (1/16); the
latter is 24% of the concentration of β-cristobalite (0.0625), which is the densest
form of silica we have sampled in our bcc lattice model.[84] In a simulation box of
30×30×240, there are 6,480 silica tetrahedra, 4,050 surfactant H4 T4 molecules, and
367,200 solvent molecules. For such a system, the typical CPU times for one MC step
at stage 1 and stage 2 are 0.39 and 0.34 second on a 800MHz AMD Opteron 6172
Processor.

5.4
5.4.1

Results and Discussion
Phase Separation Induced by Adding Silica to Surfactant-Water
System

We began by performing stage 1 simulations, i.e., without silica condensation,
studying the eﬀect of surfactant-silica adhesion at relatively low concentrations of
silica and surfactant. Spherical surfactant micelles were observed in our simulations
as seen in Figure 5.4(a) for cSI = 0, cH4 T4 = 0.009375, and T ∗ = 6.5. Figures 5.4(b)
and 5.4(c) show the eﬀect of increasing silica concentration to cSI = 0.005 and 0.015,
respectively, while keeping the surfactant concentration ﬁxed at cH4 T4 = 0.009375, and
temperature at T ∗ = 6.5. Figure 5.4(b) and (e) show a core-shell structure involving
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surfactant-micelle cores partially coated with anionic silica tetrahedra. This core-shell
arrangement represents the inverse of that seen in silica-template nanoparticles that
act as precursors in the formation of the zeolite silicalite.[86, 82] The inverted coreshell structure seen in Figure 5.4(b) likely results from the relative concentrations of
silica and surfactant, and from our neglect of silica condensation in the present stage
1 simulations.
When increasing silica concentration to cSI = 0.015 the system undergoes a phase
change as shown in Figure 5.4(c), involving a surfactant-silica-rich phase in equilibrium with a solvent-rich phase. The surfactant-silica phase was found to exhibit a
hexagonal array of cylindrical pores, i.e., the signature mesostructure of MCM-41.
We note that, in the absence of silica, this system resides in the micellar region
of the surfactant-solvent phase diagram (Figure 5.4(a)). As such, the MCM-41-like
mesostructure found in our simulations arises as a collective property of surfactant
and silica, in agreement with the cooperative templating hypothesis.
We carried out a structural analysis of micelles when increasing silica concentration
from zero to 0.005. Because Chen et al. reported the formation of rod-like micelles
upon addition of silica,[27] we investigate how the shapes of our simulated micelles
change with silica concentration. To do this, we deﬁne an aspect parameter η =
rmax /rmin to describe the structure of particles. As shown in Figure 5.5(a), rmin is
deﬁned as the largest radius of a sphere that is 30% full of particles. The value of 30%
was chosen to visually match the contour of spherical particles. rmax is deﬁned as the
smallest radius of a sphere that contains 95% of a given coated micelle. In principle,
an aspect ratio parameter of unity indicates roughly spherical micelles, while a value
signiﬁcantly greater than one suggests elongated micelles.
We plot the aspect ratio parameter η versus micelle index in Figure 5.5(b) when
silica is added to the H4 T4 -solvent system at T ∗ = 6.5. The addition of silica leads to
larger and fewer micelles: there are 46, 39 and 29 micelles at silica concentrations cSI
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Figure 5.4. Phase separation when silica is added to the H4 T4 -solvent system at
T ∗ = 6.5, for a system size of 30×30×240. (a) Roughly spherical micelles formed in
binary surfactant-solvent system at cH4 T4 = 0.009375. (b) Ternary surfactant-silicasolvent system with the same H4 T4 concentration but with cSI = 0.005 (c) Same as
(b) but with cSI = 0.015. (d) and (e) show two ampliﬁed views (×5) of systems
focusing on a single micelle in snapshots of (a) and (b), respectively. Blue and green
spheres represent tail and head groups of surfactant molecules, respectively; whereas
red and purple spheres illustrate neutral and negatively-charged oxygens, and yellow
spheres at the centers of silica tetrahedra show silicon atoms.
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= 0, 0.025, and 0.005, respectively. When no silica is present in solution, almost all
micelles exhibit η values near unity, indicating spherical micelles in the binary H4 T4 solvent system. When the silica concentration is increased to cSI = 0.005, several
micelles evolve to elongated ones, as shown by open blue triangles in Figure 5.5(b).
This result, which agrees with the interpretation of 14 N NMR data reported by Chen
et al.,[27] presumably occurs because silica-surfactant attractions drive the micelles
to increase their surface areas, hence distorting away from spherical shapes.

5.4.2

Reversible Transformation Between Hexagonal and Lamellar Phases

As discussed in the Introduction, the surfactant-silica mesophase has been found
experimentally to exhibit lyotropic liquid-crystalline behavior during stage 1 of the
synthesis, i.e., before the onset of silica condensation. In particular, Firouzi et al.[59]
observed a reversible lamellar-to-hexagonal phase transition of the surfactant-silica
mesophase when heating/cooling between 25–60 ◦ C, suggesting that the ﬁnal mesophase
is controlled by thermodynamic equilibrium in stage 1. We modeled this phenomenon
through stage 1 simulations of the surfactant-silica mesophase by decreasing temperature to T ∗ = 5.5 and then reheating back up to T ∗ = 6.5. As shown in Figures
5.6(c) and 5.6(d), we have found reversible transformations between hexagonal and
lamellar mesophases, in agreement with the experiments of Firouzi et al.[59] The
simulated phase change from heating lamellar (T ∗ = 5.5) to hexagonal (T ∗ = 6.5)
required many fewer MC steps than the reverse cooling transition, also in qualitative
agreement with experiment. However, our use of complete surfactant regrowth with
random replacement anywhere in the simulation cell (i.e., Glauber dynamics) ignores
diﬀusion limitations, and hence precludes quantitative comparisons with experimental
relaxation times.
Also shown in Figure 5.6 are results of stage 2 simulations, which include silica
acid/base and polymerization reactions. We describe these more fully in the next sec-
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Figure 5.5. Aspect ratio analysis of micelles when silica is added to the H4 T4 solvent system at T ∗ = 6.5, for a system size of 30×30×240, cH4 T4 = 0.009375. (a)
Two-dimensional deﬁnition of rmin and rmax for an elliptical particle. Shaded area
represents morphology of an elliptical micelle. (b) Aspect ratio for micelles at silica
concentrations cSI = 0, 0.0025, and 0.005, showing more elliptical micelles as silica
concentration is increased.
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tion; here we brieﬂy discuss these stage 2 simulations as they pertain to the lamellarto-hexagonal phase transition. Figures 5.6(b) and 5.6(c) show the eﬀect of silica
condensation on the lamellar phase. Although the overall mesostructure is largely
unchanged, most of the silica tetrahedra become sequestered into the surfactantsilica rich region of the simulation cell. Heating the lamellar phase from T ∗ = 5.5 to
6.5 (Figure 5.6(a)), which produced the hexagonal phase in stage 1 simulations, in
this case gives no phase change because the silica condensation has “locked in” the
lamellar mesostructure. Such behavior presumably arises from the substantial silica
condensation energy, |ε| = 30|ωHT |, which produces a large free-energy barrier that
precludes the system from reaching the thermodynamically stable hexagonal phase.
The story is much the same for stage 2 simulations of the hexagonal phase (Figures
5.6(e) and 5.6(f)). Sampling silica condensation pulls most of the silica into the
hexagonal mesophase, which changes very little upon cooling from T ∗ = 6.5 to 5.5.

5.4.3

Eﬀects of Silica Condensation

We now focus on the eﬀects of silica condensation during stage 2 of our MC simulations. To investigate silica condensation, we have performed MC simulations at T ∗
= 6.5 (hexagonal phase region) on a 30×30×240 box with the following concentrations: cH4 T4 = 0.009375 and cSilica = 0.015. (We note that cSilica = cSN + cSI , which is
constant though the individual concentrations ﬂuctuate.) Above we found in Figures
5.6(b) and 5.6(e) that silica condensation concentrates most of the available silica
into the surfactant-silica-rich mesophase. To quantify this eﬀect, we plot composition
proﬁles along the elongated z-axis in Figure 5.7(a) without (stage 1) and (b) with
(stage 2) silica condensation, using each plane of sites in the bcc lattice as a bin for
compiling concentration statistics along the z-axis.
Figure 5.7(a) shows an accumulation during stage 1 of the simulation of both silica and surfactant concentration between lattice planes in the range z = 45-95. This
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Figure 5.6. Reversible lamellar-hexagonal phase transition, simulated with canonical
MC with concentrations cH4 T4 = 0.009375 and cSI = 0.015 for a 30×30×240 system
size. (c) Stage 1 simulation (no silica condensation) at T ∗ = 5.5 resulting in lamellar
mesophase; (d) Stage 1 simulation at T ∗ = 6.5 resulting in hexagonal mesophase;
cooling/heating within T ∗ = 5.5–6.5 produced reversible lamellar-hexagonal phase
transitions in stage 1 simulations; (b) Stage 2 simulation (with silica condensation)
beginning with ﬁnal conﬁguration in (c); (a) Heating condensed lamellae to T ∗ =
6.5 showed no change in mesophase; (e) Stage 2 simulation beginning with ﬁnal
conﬁguration in (d); (f ) Cooling condensed hexagonal phase to T ∗ = 5.5 showed no
change in mesophase.
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dense region was observed to undergo small amount of drift along the z-axis. In this
dense region of the simulation cell, most of the surfactant and about half the silica
has concentrated to form the hexagonal mesophase discussed above. The local silica
concentration at this stage is about 0.043, i.e., nearly 70% of the concentration of
β-cristobalite on this bcc lattice. The local concentration proﬁles after silica condensation are given in Figure 5.7(b), showing that essentially all the silica and surfactant
have been pulled into the dense region at stage 2. The local silica concentration
approximately doubles to about 0.085, i.e., 140% of the β-cristobalite concentration.
System snapshots corresponding to the composition proﬁles in Figure 5.7 are given
in Figure 5.8. In particular, Figure 5.8(a) shows the initial condition of the MC
simulation with surfactant and silicate molecules distributed randomly throughout
the simulation cell. Figure 5.8(b) shows the result of the stage 1 simulation with
the hexagonal mesophase located in the slab with z values in [45, 95], where z is
the elongated dimension of simulation box with values between 1 and 240. Figure
5.8(c) shows the result of silica condensation during stage 2 pulling most of silica and
surfactant molecules into the mesophase. Figure 5.8(d) is the same as Figure 5.8(c)
except that the surfactant molecules have been deleted from the image, showing the
mesoporous MCM-41 that would result in an experimental synthesis from calcination.
All the modeling results reported thus far have come from the simulated two-stage
synthesis approach discussed above, wherein ﬂuid mesostructures with long-range order arise in stage 1, followed by silica acid/base reactions and condensation during
stage 2, which serve to lock in a particular mesophase. Now we demonstrate the
importance of this two-stage synthesis by simulating a one-stage synthesis beginning
from the initial condition in Figure 5.8(a), and including all processes from the beginning of the simulation. The result of this is depicted in Figure 5.8(e), showing a more
ramiﬁed, gel-like silica solid with some short-range silica-surfactant ordering but without the long-range hexagonal order clearly seen in Figure 5.8(c). In particular, the
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Figure 5.7. Composition proﬁles of surfactant-silica-solvent system along the zaxis at T ∗ = 6.5 (hexagonal phase region) on a 30×30×240 box with the following
concentrations: cH4 T4 = 0.009375 and cSilica = 0.015. (a) Stage 1 simulations, without
silica condensation. (b) Stage 2 simulations, with silica condensation, producing
relatively dense silica-surfactant phase structure.
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surfactant-rich regions in Figure 5.8(e) appear more like spherical micelles than like
the cylinders in Figures 5.8(b) and 5.8(c). The material shown in Figure 5.8(e) agrees
qualitatively with experiments by Beck et al.,[8] who found that MCM-41 synthesis
at elevated temperatures – e.g., 200 ◦ C, high enough to activate silica condensation
– produced only amorphous (and in some cases zeolitic) silica solids. We hypothesize
that silica-surfactant solids without long-range order form in the one-stage synthesis
because rapid silica polymerization generates glassy materials before surfactant and
silica species can reorganize into ordered phases that minimize the system free energy.
The two-stage synthesis presumably allows such relaxation in stage 1 to mesophases
with long-range order under thermodynamic control.

5.4.4

Structural Analyses of MCM-41

One of the main objectives in this investigation is to develop and study a model
that is simple enough to allow simulated self-assembly of MCM-41, and detailed
enough to provide some atomic-level predictions of MCM-41 structure. In this section
we report our structural predictions, focusing on Qn distributions, ring-size distributions, and pore-size distributions.
Qn distributions indicate the fractions of silicate species SiOn (OH)4−n with central
Si atoms connected to n bridging oxygens. By deﬁnition silicic acid and its conjugate
base are Q0 ; Q1 silica represent dimers and end groups of silica chains; Q2 corresponds
to silica groups in the interior of chains and/or in rings; and Q3 /Q4 indicate more completely condensed framework structures. During stage 1 of MCM-41 synthesis most
of the silica is presumably Q0 ; during stage 2 higher Qn species become appreciably
populated. Qn distributions are typically measured by
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Si solid-state NMR,[116]

which can quantitate diﬀerent Si environments because of the dipolar nature of the
29

Si nucleus.
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Figure 5.8. Two-stage synthesis of MCM-41 at T ∗ = 6.5 in a 30×30×240 box
with concentrations cH4 T4 = 0.009375 and cSilica = 0.015. (a) Initial conﬁguration
with 4,050 H4 T4 and 6,480 SI randomly distributed in the simulation cell. (b) Final
conﬁguration of stage one; also initial condition of stage 2. (c) Final conﬁguration
of stage two. (d) Same as (c) except surfactants were omitted to reveal mesopore
structure that would arise upon experimental calcination. (e) One-stage synthesis
beginning from (a) and with all processes including silica condensation from beginning
of simulation; lack of long-range order results from rapid silica polymerization which
precludes relaxation to thermodynamic equilibrium surfactant-silica mesophase.
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We have followed the evolution of the Qn distribution from the end of stage 1
shown in Figure 5.8(b) to the end of stage 2 shown in Figures 5.8(c) and 5.8(d), for
a system at T ∗ = 6.5 in a 30×30×240 box with concentrations cH4 T4 = 0.009375 and
cSilica = 0.015 (same conditions as in Figure 5.8). We have plotted the evolution of
∑
the Qn distribution in Figure 5.9 versus the degree of condensation, c ≡ 4n=0 nQn /4,
which is the fraction of oxygens that bridge two silicon atoms. The degree of condensation typically increases monotonically with time, and hence serves as a proxy for
reaction time. The simulated evolution of the Qn distribution seen in Figure 5.9 is
characteristic of silica gelation at low pH, where silica polymerization is slow enough
to be tracked by NMR.[116, 83] In contrast, stage 2 of MCM-41 formation typically
occurs experimentally under conditions of rapid silica condensation, thus allowing
only measurements of ﬁnal-state Qn distributions.
The Qn distribution from the snapshot in Figure 5.8(d) is Q0 : Q1 : Q2 : Q3 :
Q4 = 0.6 : 4.5 : 25.6 : 48.5 : 20.8. We note that small but signiﬁcant populations
of silica monomers (Q0 ) and dimers (Q1 ) remain in Figure 5.8(d); these are typically
removed in post-synthesis washing/ﬁltration treatments. To better compare our simulations with experiments, we removed the Q0 and Q1 populations and recalculated
the remaining Q2 : Q3 : Q4 mole fractions, the results of which are shown in Table
5.3. Our simulations agree with experiments[161] in the magnitude of Q3 ∼
= 0.5, the
most populated silica species in MCM-41, and in the order of Qn species: Q3 >Q4
>Q2 . However, the ﬁnal Q4 value in our simulations is about 27% less than that
from experiments, likely suggesting that geometrical constraints in the present lattice
model make full silica condensation diﬃcult or that the aging process within the silica
is not captured on the timescale of our simulations.
Ring-size distributions describe structures of crystalline silica such as zeolites,[111]
and also provide short- to medium-range information on amorphous silica structure.
We have computed the ring-size distribution from the condensed MCM-41 silica in
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Figure
∑ 5.9. Evolution of Qn distributions as a function of the degree of condensation,
c ≡ 4n=0 nQn /4.
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Table 5.3. Qn Distributions for MCM-41 from Experiments and Simulations

Experiments1
Our simulation2

type

sur/Si

MCM-41
MCM-41

0.6
0.625

Q2
8
23.2

mole %
Q3
49
49.8

Q4
43
27.0

Figure 5.8(c) (same silica network in Figure 5.8(d)) by counting only irreducible
rings, i.e., those that cannot be divided into smaller rings.[175] In general an n-ring
refers to a cyclic chain of the form (Si–O)n . Our computed ring-size distribution for
MCM-41 is shown in Figure 5.10 (red circles) plotted alongside our simulated ringsize distribution for amorphous silica gel (blue open squares) computed in previous
work with this bcc lattice model.[83] For comparison we also plot in Figure 5.10 the
ring-size distribution obtained by Kohara and Suzuya from a reverse Monte Carlo ﬁt
to high energy X-ray and neutron diﬀraction data on vitreous silica.[94] Figure 5.10
shows that while simulation and “experiment” agree on a relatively sharply peaked
ring-size distribution for non-mesoporous amorphous silica, our present simulations on
MCM-41 predict a ﬂatter ring-size distribution with larger fractions of 3- and 4-rings.
The presence of 3- and 4-rings is consistent with the interpretation by Wakihara et al.
of their high energy X-ray diﬀraction data.[164] The prevalence of such 3- and 4-rings
in our simulated MCM-41 is perhaps surprising given the penalties we impose on such
rings, suggesting that they are stabilized in our model by proximal surfactants. We
have also found higher fractions of larger rings — 13-, 14-, and 15-rings — in our
simulated MCM-41, consistent with the presence of mesopores.
Next we consider the pore-size distribution resulting from the MCM-41 shown
in Figure 5.8(d). Determining pore sizes is challenging because of molecular scale
roughness in the pore walls. Figure 5.11 shows the corrugation arising in our model, by
focusing on the region of Figure 5.8(c) rich in surfactant and silica (z values between
45 and 90). Figure 5.11(c) shows slices through the simulated MCM-41 structure that
clearly reveal such roughness. Figure 5.11(c) also shows how our simulated mesopores
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Figure 5.10. Simulated ring-size distribution of MCM-41 (red circles) for structure in
Figure 5.8(c) and 5.8(d), compared with simulated ring-size distribution for silica gel
(blue open squares),[83] plotted with ring-size distribution obtained via reverse Monte
Carlo ﬁt by Wakihara et al. of high energy diﬀraction data (black open triangles).[164]
These results show an overall ﬂatter distribution in MCM-41 with larger fractions of
both small (3-, 4-) rings and large (13-, 14-, 15-) rings.
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are continued through periodic boundary conditions, by following in the lower plane
how surfactant-rich regions continue on the opposite side of the simulation box.
A straightforward approach for determining pore sizes is to ﬁt cylinders into the
pores, and to determine the minimum radius of the cylinder that reaches the pore
wall for a given pore. However, because of corrugation, this approach generally underestimates pore sizes. An alternative approach proposed by Gelb and Gubbins[65]
is to insert spheres at various points in the solid. We have chosen our bcc lattice as a
suitable collection of points for inserting spheres. For a given lattice point in the material, spheres of increasing radii were inserted until overlap with one or more of the
pore walls was reached; the largest radius that avoids such overlap was then stored.
After this procedure was performed for all lattice points, a histogram of diameter
was generated, which is shown in Figure 5.12. We converted the lattice space into
physical lengths assuming a silicon-oxygen bond length of 1.6 Å. Figure 5.12 shows
that the average pore size in our simulated MCM-41 corresponds to a pore diameter
of around 12 Å, which is reasonably close to the lower bound of pore sizes attainable
with MCM-41 materials (∼15 Å).[9] The smaller pore size in our simulations can be
attributed to the relatively short surfactant chains (H4 T4 ) studied herein. In future
work, we will investigate how the size and shape of surfactant molecules inﬂuence the
formation processes and wall morphologies of mesoporous materials.

5.5

Summary and Conclusions

We have performed Monte Carlo simulations to study the formation and structure
of the MCM-41 mesoporous silica solid, building on the modeling work of Siperstein
and Gubbins. [155] We applied Monte Carlo to sample a new body-centered cubic
(bcc) lattice model that explicitly represents both silicic acid polymerization and
surfactant self-assembly. Our lattice model of surfactant chains, which was inspired
by Larson,[102] involves eight connected particles on a simple-cubic sublattice of the
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Figure 5.11. (a) Zoom in on surfactant-silica rich region of Figure 5.8(c) (z values
between 45 and 90); (b) Rotation of (a); (c) Two-dimensional slices from (b) to
show mesostructures, pore wall corrugation, and how the mesopores continue through
periodic boundary conditions.

126

6x104
5x104

Frequency

4x104
3x104
2x104
1x104
0

5

10

15

20

Spherical Pore Diameter (Angstrom)

Figure 5.12. Pore-size distribution of simulated MCM-41 after removing surfactants (structure in Figure 5.8(d)), giving an average diameter of 12 Å because of the
relatively short H4 T4 surfactant chains studied herein.
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bcc lattice; while our lattice model of silica is an atomic model that represents silicon
and oxygen atoms in intact tetrahedra where double occupancy of oxygen sites was
used to model silica condensation, following our previous work on silica gel.[83]
We have considered both one-stage and two-stage simulations of MCM-41 selfassembly. In the two-stage simulation, silica-surfactant mesostructures were ﬁrst
allowed to form in the absence of silica polymerization; then silica polymerization in
the second stage served to lock in mesoscale structure. In the one-stage simulation,
silica polymerization was allowed from the beginning. We have found that the twostage approach, i.e., delaying silica polymerization in our simulations, is crucial for
generating mesoscale ordering. Our one-stage simulations produced silica-surfactant
gels with little-to-no order, in agreement with experiments.[8] Our two-stage simulations produced silica-surfactant mesostructures with lamellar or hexagonal phases.
Before silica polymerization, we observed reversible transformations between these
lamellar and hexagonal phases, also in agreement with experiment.[59] Our results
are consistent with the cooperative templating mechanism, because silica-surfactant
complexes were prominent at the earliest stages of our simulations.
The MCM-41 solid that results from our simulations exhibits Qn distributions
in reasonable agreement with
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Si NMR experiments on MCM-41. Compared with

amorphous silica gel, the wall domains of these simulated MCM-41 materials were
found to exhibit broader ring-size distributions including larger fractions of smaller
(3-, 4-) rings and larger (13-, 14, 15-) rings. The presence of smaller rings in MCM-41
is consistent with high energy diﬀraction studies, and the larger rings are expected in
a mesoporous solid.
Our work has provided a model that is simple enough to allow simulated selfassembly of MCM-41, and detailed enough to provide atomic-level predictions of
MCM-41 structure. We will extend this to study the inﬂuence of surfactant size and

128

shape on material formation and resulting structure. We will also investigate other
mesopore morphologies and how they form.
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CHAPTER 6
CONCLUSIONS AND RECOMMENDATIONS FOR
FUTURE WORK

6.1

Conclusions

We have presented research on modeling the self-assembly of ordered porous materials from the perspective of molecular simulation. The philosophy of our research is
to describe complex physical phenomena and elucidate fundamental formation mechanisms using simple models. Our study has shown that a simple atomistic tetrahedral
lattice model of silica is capable of describing silica polymerization process that is relevant to sol-gel processing, and studying the formation of both ordered microporous
and mesoporous silica materials.

6.1.1

Coarse-grained Model Studying Formation of Core-Shell Silica-template
Nanoparticles during Clear-solution Synthesis of Silicalite-1

We ﬁrst studied the formation of silica nanoparticles during clear solution synthesis
of silicalite-1 using a coarse-grained lattice model where all components in the system
were represented by single sites on lattice. This study is an extension of the simplecubic lattice model developed by Jorge et al. [J. Am. Chem. Soc. 127, 14388 (2005)].
We reﬁne the model on a body-centered cubic (bcc) lattice with second-neighbor repulsions, to generate a four-coordinate network that mimics the tetrahedral structure
of silica. The low-coordination model makes it possible to model porosity in the silica core of nanoparticles. We use this feature to investigate the extent of template
penetration into the silica core, a level of nuance missing in experimental data on the
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core-shell model. In our simulated nanoparticles, the template/silica ratio is comparable to that in as-made TPA-silicalite, however, the penetrating-template/silica ratio
is 25 times smaller. We suggest that incorporation of the template into nanoparticles
may play an important role during evolution from metastable nanoparticles to the
nearly ﬁnal state in the synthesis of silicalite-1–with template molecules sitting in the
intersections of zeolite.

6.1.2

Atomistic Lattice Model for Silica

In order to provide atomistic structural evolution of silica materials, we developed
a simple atomistic lattice model of silica to mimic the low coordination number feature of silica materials. Our model is based on Si and O atoms occupying the sites of
a body-center cubic (bcc) lattice, with all atoms arranged in SiO4 tetrahedra. This
is the simplest model that allows for variation in the Si-O-Si angle, which is largely
responsible for the versatility in silica polymorphs. The model describes the assembly of polymerized silica structures starting from a solution of silicic acid in water at
a given concentration and pH. This model can simulate related materials – chalcogenides and clays – by assigning energy penalties to particular ring geometries in the
polymerized structures. The simplicity of this approach makes it possible to study the
polymerization process to higher degrees of polymerization and larger system sizes
than has been possible with previous atomistic models. We have performed Monte
Carlo simulations of the model at two concentrations: a low density state similar to
that used in the clear solution synthesis of silicalite-1, and a high density state relevant to experiments on silica gel synthesis. For the high concentration system where
there are NMR data on the temporal evolution of the Qn distribution, we ﬁnd that
the model gives good agreement with the experimental data. The model captures the
basic mechanism of silica polymerization, and provides quantitative structural predic-
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tions on ring-size distributions in good agreement with X-ray and neutron diﬀraction
data
Moreover, our simulations record x, y and z coordinations of all molecules and
provide instantaneous snapshots of the system, which is hard to be measured directly
from X-ray or NMR measurements due to the amorphous nature of silica. We also
calculated the ring size distribution, and obtained qualitative agreement with reverse
Monte Carlo simulation results.[94] More importantly, the model is simple and computational tractable, and leave room for adding more complexity and describing the
formation of nanoporous materials using template molecules.

6.1.3

Ground State Searching

Next we applied parallel tempering method to search for ground states of the
above atomistic lattice model – the ordered porous materials with all SiO4 tetrahedra arranged in Q4 structures. The ultimate goal of our research is to model the
self-assembly of ordered porous materials where the formation process greatly rely
on delicate interplay between silica tetrahedra and template molecules. Prior to the
investigation of formation of ordered nanoporous materials using templates, it is necessary to check if our atomistic lattice model is able to generate various ordered porous
materials.
We employed both parallel tempering method and canonical ensemble simulations
to previous atomistic tetrahedral silica model, with penalties on three- and four rings.
We observe that the parallel tempering Monte Carlo was found to produce an ordered
solid identical to the structure of “idealized” β-cristobalite; whereas canonical ensemble simulation was found in all cases to produce disordered structures resembling
amorphous silica. The utility of parallel tempering MC to produce the crystalline
β-cristobalite phase indicates roughness in the free-energy landscape of our model,
which parallel tempering MC is able to overcome. Repeating these parallel temper-
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∗
ing MC calculations with successively lower maximum temperatures (Tmax
) provides

an estimate of the free-energy barrier in our model for crystalline network formation
from amorphous silica to β-cristobalite. We have found that the crystalline silica
∗
phase emerges from parallel tempering only for Tmax
values above 0.2 (T = 400 K),

suggesting a network free-energy barrier of 3.3 kJ/mol.
To investigate the self-assembly of ordered microporous materials within the present
lattice model, we thus removed ring penalties and ran parallel tempering MC with
a variety of mole fractions less than or equal to the β-cristobalite. We show that
our atomic lattice model of silica and related materials can form ordered nanoporous
solids with a rich variety of structures including known chalcogenides, zeolite analogs,
and layered materials.

6.1.4

Self-assembly of Mesoporous Silica using Surfactant as Templates

Finally, we applied our tetrahedral lattice model to investigate the formation
of surfactant-templated mesoporous silica materials where surfactant molecules are
modeled via Larson’s lattice model.[102, 101] Using Monte Carlo simulation and lattice model of surfactant and silicate species, we are able to simulate the formation
of mesoporous MCM-41 silica materials, with explicit representation of silicic acid
condensation and surfactant self-assembly, opening the door to understand their formation mechanism and detailed structures with atomic resolution. A “two-step synthesis” was modeled during simulation: the ﬁrst step resembles the initial stage where
high pH and low temperature were usually used and silicate polymerization is negligible; the second step mimics the experimental approach of lowering solution pH and
increasing the temperature to promote inorganic species condensation. At stage one,
the precursor solution spontaneously phase separated into a surfactant-inorganic-rich
phase in equilibrium with the solvent-rich phase. Lamellar and hexagonal phases
were obtained for the surfactant-rich mesostructure at diﬀerent synthesis conditions,
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consistent with published experimental observations. Under conditions where silica
polymerization is negligible, reversible transformation between hexagonal and lamellar phases were observed by changing synthesis temperatures. At stage two, silicic
acids polymerization starts and the pH eﬀect was considered through deprotonation
equilibrium of silicic acid. Upon long-time simulation that allows condensation of
silanol groups, the inorganic phases of mesoporous structures were found with thicker
walls where the wall morphology was amorphous and lack of crystallinity. Compared
with bulk amorphous silica, the wall-domain of mesoporous silicas are less ordered
with larger fractions of three- and four-membered rings and wider ring-size distributions.

6.2

Suggestions for future research

Throughout this work we have shown that a coarse grained lattice model of silica
is capable of describing the silica polymerization process without template molecules,
and the simulated Qn evolutions showed good agreement with experimental observed
temporal 29 Si NMR measurements. The model can be applied to study the formation
of various crystalline microporous materials and surfactant-templated mesoporous
MCM-41 materials. The greatest advantage of this model is its simplicity and computational eﬃciency, which enables the model to be adapted to much more complex
systems with large system size and long time behavior.
In addition to the areas of research presented above, our studies open avenues
for future research studies. There are many interesting topics that are worth being
explored in future. Here we list some of them.
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6.2.1

Simulating the formation of microporous zeolite-like materials using
template molecules

One representative class of microporous materials are zeolite materials. The clearsolution synthesis of silicalite-1 zeolite provides an important test case to study zeolite formation where tetrapropylammonium (TPA) molecules were usually used as
the structural directing agent. It is believed that structural directing agents play an
important role during zeolite formation and the presence of TPA extends the range
of compositions over which silicalite-1 crystals can be synthesized.[4] Free energy calculations suggested that the transformation from quartz to silicalite was energetically
unfavorable with a free energy increase of 4.1kJ/mol SiO2 , whereas the above process becomes favorable when TPA molecules are presented, with a energy decrease of
-3.8kJ/mol SiO2 [4].
Therefore, a proper model for structure directing agent (tetraalkylammonium,
TAA) is needed to study the silicalite-1 zeolite formation. The desired TAA model
requires precise representations of its size, shape and interactions between TAA template and silica molecules. Next we can apply the model to study the formation
mechanism of silicalite-1 zeolite and provides insights on the their structural evolution – from amorphous core-shell silica nanoparticles with TPA mostly distributed at
the shell – to the ﬁnal crystalline zeolite crystals with TPA molecules sitting in the
channel intersections of zeolite.

6.2.1.1

Representations of TAA Molecules

Because of unique role played by TPA molecules for MFI synthesis, several experimental studies have been carried out to study the silica-TAA mixtures with various
alkyl chain lengths, for example, tetramethyl, tetraethyl, tetrapropyl and tetrabutyl
ammonium.[159, 151, 53, 54, 107, 106, 108]
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Representing TAA molecules with various alkyl chain length, together with the
new developed silicon-oxygen model, and we can investigate the structural evolution of
silica-TAA particles. Herein, we adopted united-atom representation where each CH2
(or CH3 ) group was represented by one lattice site. The nearest neighbor distance
on bcc lattice corresponds to the Si-O bond length, which gives 1.6 Å. The C-C
distance in ethane and propane is around 1.54 Å, and the C-C-C bond angles are
approximately 109o .[130] As a result, TAA+ cations are represented as nitrogen atom
sitting in the center, with four alkyl arms extending outwards. The four CH2 (or
CH3 ) groups that connected to N+ exhibit tetrahedral structure, whereas four carbon
atom occupy four vertices of tetrahedral. The alkyl chains (tetraethyl, tetrapropyl
and tetrabutyl) require two neighboring CH2 (or CH3 ) groups connected (within ﬁrstneighbor distance). One restriction is added due to steric eﬀects: the N-C-C and C-CC with bond angles equivalent to 70o are excluded. Representations of templates with
diﬀerent alkyl chains are shown in Figure 6.1. The representation of TMA molecules
is similar to silica tetrahedra, with one ammonium cation in the center, and four CH3
at the corner and all ﬁve sites arrange in rigid tetrahedra. For templates with longer
alkyl chains, we have two kinds of representations: ﬂexible chains and rigid chains.
The interaction between ionic silica and templates inherited the spirit of Jorge et
al. [86] and a favorable interaction was imposed with εTAA−SI − = −2|εSN SN | when the
distance of O− (ionic silica) and N+ (TAA) is within one nearest neighbor distance
(1.6 Å). Due to the steric eﬀect, the template molecules are not allowed to penetrate
into the vacant sublattice of silica tetrahedra. In other words, if silica tetrahedra
occupy sublattice 1 of Figure 3.1, the template molecules cannot reside sublattice
2. During simulations, we include translational move, rotational move and regrowth
one out of four arms of TAA molecules. The trial will be rejected directly if there
is overlap of chain segments of TAA with other molecules. Translational moves are
implemented by choosing one TAA molecule at random, and translate that TAA
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Figure 6.1. Representation of TAA templates molecules with diﬀerent alkyl chain
lengths. (a) TMA (b) rigid TEA (c) rigid TPA (d) ﬂexible TEA (e) ﬂexible TPA.
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to a vacant site on the lattice while keeping all the chain conﬁgurations the same.
Rotational moves are carried out by swapping the carbon groups that connected to
N+ from one sublattice to the other sublattice (similar to the rotational move of silica
tetrahedra) followed by regrowing the rest of the chains. For rigid TAA templates,
once the sublattice of inner tetrahedral is chosen, the positions of rest of the chains are
determined extending along the diagonal directions. For ﬂexible TAA templates, since
we exclude the 70o of N-C-C and C-C-C bond angles, there are only three possibilities
for the growth of next chain segment and each segment was chosen randomly. All
trials are accepted or rejected according to Metropolis criterion.

6.2.1.2

Preliminary Studies on Size Eﬀect of Templates

With united-atom representation of template molecules, we studied the size eﬀect
of templates with respect to the structural evolution of silica particles. One snapshot
of TMA-silica nanoparticle was shown in Figure 6.2. This TMA-silica nanoparticle
contains 390 neutral silica, 56 ionic silica and 23 TMA molecules. Another snapshot of ﬂexible TPA-silica nanoparticle is given in Figure 6.3 which is composed of
416 neutral silica, 36 ionic silica and 19 TPA molecules. The simulated nanoparticle
sizes are consistent with Fedeyko and Rimer et al. [141, 54] who studied the surface
charge and potential of nanoparticles using complexation model and found the best
ﬁt for nanoparticle size gives 356 silica under the same composition as we studied.
Our simulated number of TAA cation per nanoparticles also showed excellent agreement with Li and shantz [107] who carried out pulse ﬁeld gradient NMR studies to
investigate the binding energies between TAA cations and silia nanoparticles. They
calculated the number of TAA cations per particle based on assumption of monolayer
adsorption. They found 25 TMA cations adsorbed on TMA-silica nanoparticle, and
20 TPA cations for TPA-silica nanoparticles. At the same composition and synthesis temperature, our simulation indicated 23 TMA cations and 19 TPA cations per
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nanoparticles. One possible explanation for fewer TPA per nanoparticles than TMA
is due to the size eﬀect of TAA cations, as the ionic radius of TMA cation (∼3.4Å)
is much smaller than that of TPA cations (∼4.5Å).[176] From Figure 6.2 and 6.3, we
observed that the N+ cations (blue sphere) interact strongly with anionic silica (tan
sphere represents negatively charged oxygens). The sizes of template molecules have
a strong impact on nanoparticle structures. For small template molecules, we observe
penetration of TMA in the core domain of nanoparticles; whereas for larger template
molecules, most of the TPA molecules absorbed to the surface of silica nanoparticles.
The simulated Qn distributions as a function of simulation steps are investigated.
When various TAA template molecules are used, the Qn statistics stay almost the
same. We also calculated the pair-distance-distribution function (PDDF) of TAAsilica nanoparticles. The PDDF of TMA-silica nanoparticles are non symmetric,
indicating the non-spherical shape of TMA-silica nanoparticles. The PDDF proﬁles
of silica and TMA species are similar, probably due to the fact that relatively large
fraction of TMA molecules penetrating into the core domain of nanoparticles, as
shown in Figure 6.2. For larger TAA as template molecules, the PDDF calculation
of TAA-silica nanoparticles suggested a core-shell structure, as shown in Figure 6.4.
Similar to the results of the coarse-grained lattice model described in Chapter 2,
the nanoparticles possess a core-shell structure with silica concentrated in the core
and mostly template molecules at the shell. We also analyzed the ring size distributions for silica-TAA nanoparticles with ﬂexible and rigid representations of TAA
template molecules, as shown in Figure 6.5. Current results suggested that the ring
size distributions are insensitive to the types of TAA cations.

6.2.1.3

Future Work

The preliminary studies of clear-solution synthesis of silicalite-1 using tetrahedral
silica model with ﬂexible / rigid TAA molecules enable us to model the evolution
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Figure 6.2. Formation of silica nanoparticles at T ∗ = 0.15 at composition 40 SiO2 : 9
TMAOH: 9500 H2 O: 160 Ethanol. Snapshot of one cluster containing 56 ionic silica,
390 neutral silica and 23 TMA molecules. Yellow, red and tan spheres represent Si,
O atoms and O− anions; whereas blue and cyan spheres represent N+ and carbon
groups of TMA molecules.
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Figure 6.3. Silica-TPA (ﬂexible) nanoparticle structures at T ∗ = 0.15, composition
40 SiO2 : 9 TPAOH: 9500 H2 O: 160 Ethanol. Snapshot of one cluster was shown. The
cluster contains 36 ionic silica, 416 neutral silica and 19 TPA molecules. Yellow, red
and tan spheres represent Si, O atoms and O− anions; whereas blue and cyan spheres
represent N+ and carbon groups of TPA molecules.
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Figure 6.4. Silica-TAA nanoparticle structures at T ∗ = 0.15, composition 40 SiO2 : 9
TPAOH: 9500 H2 O: 160 Ethanol. The pair-distance-distribution function is averaged
over 1.5 × 106 to 2.5 × 106 MC steps. Solid symbols and open symbols represent data
of silica and TAA templates respectively where black squares, black circles and red
triangles represent the distribution involving TMA, TEA and TPA.
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Figure 6.5. Ring size distributions for silica-TAA nanoparticle structures at
T ∗ = 0.15 with composition 40 SiO2 : 9 TAAOH: 9500 H2 O: 160 Ethanol. (a) Rigid
representation of TEA and TPA molecules (b) Flexible representation of TEA and
TPA molecules.
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of core-shell structure and calculate the ring-size distributions. However, no ordered
porous materials such as zeolite-like materials are found. The formation of silicalite-1
zeolite requires delicate interplay between silica and templates where further modiﬁcations to the model are needed:
• Template-silica Interactions. In the simulations above, we set the attractive
interaction between N+ of TAA and O− of ionic silica as a magnitude twice of the
condensation reaction energy. Caratzoulas et al. employed molecular dynamic
simulation to investigate the silicate polyion–TMA+ cation ion pair interaction
in aqueous solution [21, 22, 23],which may shed light on the parameterizations
of our model. Recently, Li and shantz [107, 106] carried out pulse ﬁeld gradient
NMR to study the binding of TAA molecules to silica nanoparticles via changes
in the TAA self-diﬀusion value. They described the diﬀusion behavior of the
TAA cations using a two-state system where TAA cations are either free in
solution or bound to silica nanoparticles. On the basis of binding isotherms,
they derived the TAA-nanoparticle binding energies in the range of -10 to -14
kJ/mol for various TAA molecules.
• Hydrophobicity of TAA molecules. In simulations above, we only consider
the steric diﬀerence between TMA and TPA molecules reﬂecting by their length
of alkyl chains. However, it is found that TMA molecule is hydrophilic whereas
TPA is more hydrophobic because of longer propyl chain. How to represent
hydrophobicity of TPA in a proper way may greatly aﬀect the accuracy of our
model. Moreover, recent experimental studies of silica anoparticle self-assembly
in basic solutions suggested that the nanoparticle formation in the presence of
TPA+ is less exothermic than TMA+ and TBA+ , indicating that the TPA+
play a more “active” role other than counterion to the negatively charged silica
[142].
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• Electrostatic Interactions. The Debye length calculated from experimental
conditions yields 1.3 nm (clear-solution synthesis condition [53]) which is about 8
times ﬁrst-neighbor distance on bcc lattice. Incorporating long range interaction
is challenging because of the exponentially increase of computational cost and
compromising the simplicity of our tetrahedral model.

6.2.2

Formation of Surfactant Templated Mesoporous Silica Materials

In Chapter 5, we studied the formation of surfactant templated mesoporous silica
materials using surfactant molecules as templates where surfactant molecules are
represented by connected sites on simple cubic lattice.[102, 101] For simplicity, we
choose H4 T4 (Figure 6.6 a) to represent surfactants since it is the well studied case for
surfactant lattice model. The next phase of this project is to investigate more realistic
representation of template molecules considering their shapes, sizes, interactions, etc..
Here we list some possible directions:
• Surfactant model for alkyltrimethylammonium Cn H2n+1 (CH3 )3 N+ . A
more realistic representation for alkyltrimethylammonium is shown in Figure
6.6 (b). Instead of linear chains of head groups in H4 T4 , a branched head HH3
is more close to the real alkyltrimethyl structure. More over, it provides an
opportunity to study the eﬀect of alkyl chain length n on pore sizes of MCM-41
materials by varying the number of tail groups in Fig 6.6 (b).
• Hybrid template molecules. One ultimate goal of zeolite scientists is to
fabricated crystalline zeolite nanocrystals with three-dimensionally mesoporous
features since the crystalline mesoporous silica have important technological
implications for catalytic reactions of large molecules and better hydrothermal
stability.[29] Synthetic routes of fabricating mesoporous crystalline microporous
materials involving direct synthesis technique such as incorporate micropore
structure-directing molecules into mesoporous syntheses[29, 30, 122], or zeolite
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synthesis in colloidally imprinted or mesostructured carbon,[52] recrystallization around hard templates and so on. One interesting direction that within
the capability of current model is to simulate the porous materials formation using dual-poregenic surfactant. The template molecule contains zeolite-directing
head groups and hydrophobic alkyl tails and ideally the zeolite-directing head
groups direct the formation of crystalline microporous materials whereas the
hydrophobic alkyl chains lead to mesoscale ordering. One example of such template is shown in Figure 6.6 (c).
• Solubility of silica. The solubility of silica depends on synthesis temperature,[80]
solution pH and solvent compositions. During the synthesis of MCM-41 silica,
the silica sources is provided by hydrolysis of tetraethoxysilane (TEOS). As the
hydrolysis reaction proceeds, the alcohol content of solution also aﬀects the solubility of silica. In Chapter 5, we only consider one extreme case in which the
inorganic silica and the solvent are completely miscible. It may be necessary
to consider the how solution composition, pH and synthesis temperature aﬀect
the solubility of silica.

6.2.3

Investigating Nanoparticle-Crystal Transformations

Davis et al. studied the evolution of nanoparticles (clear-solution synthesis) at
ambient conditions for more than one year by small-angle X-ray scattering (SAXS),
high-resolution transmission electron microscopy (HRTEM), in situ atomic force microscopy (AFM) and cryogenic transmission electron microscopy (cryo-TEM) up to
and beyond silicalite-1 crystal formation.[36] They observed size and number of precursor nanoparticles remains constant for an extended period of time, and silicalite-1
crystals emerged after 245 days of ageing. It is very interesting and challenging
to model the transformation between precursor nanoparticles and silicalite-1 crystals with transition path sampling (TPS) methods.[16, 42, 44] TPS is a computer
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(a)
Head
(b)

Tail

(c)

Figure 6.6.
Representation of surfactant molecules.
(a) H4 T4 , the surfactant model used in Chapter 5.
(b)Model surfactant T7 HH3 .
(c)
One dual-poregenic surfactant molecule with a molecular formula of
C18 H37 − N+ (CH3 )2 − C6 H12 − N+ (CH3 )2 − C6 H12 − N+ (CH3 )2 − C18 H37 (Br− )3
(abbreviated as 18-N3 -18).[122] This surfactant has a zeolite-directing head groups
and two hydrophobic alkyl tails. Surfactant structure in Figure (c) is taken from
paper of Na et al.[122]
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simulation technique based on a statistical mechanics of trajectories and have been
successfully applied to address the rare-events problems such as reactions,[43] protein
folding,[15] nucleation and growth of nanocrystals.[67] Aided by this sophisticated
method, we may be capable of sampling the transition path between silica nanoparticles and zeolite crystal and provide molecular insights about critical nucleus for
zeolite crystallization.
Moreover, in Chapter 4 we have modeled the self-assembly of rich variety of ordered microporous materials including known chalcogenides, layered materials, and
zeolite analogs based on a diverse atomic lattice model for silica and other T-B-T
type materials. This ﬁnding opens up myriad avenues for future research, including analysis of crystallization pathways to determine critical nuclei for formation of
zeolites and related nanoporous materials.

6.2.4

Lattice Model vs. Continuum

All results presented in this dissertation are based on coarse grained lattice models
due to the fact that long time and length scales are necessary to sample the formation process of ordered porous materials. One of the greatest advantages of lattice
model is the ease of sampling and computational eﬃciency, which permits probing
complex processes. For example, in Chapter 5 we have shown that the evolution
of mesoporous silica depends on delicate interplay among chemical reactions, electrostatic interactions, hydrophobic interactions and surfactant self-assembly which is too
computational expensive to be modeled via atomistically detailed continuum models.
However, one obvious shortcoming of our tetrahedral lattice model is the constraints of two possible T-O-T angles (109o and 180o ) that rule out the formation
of real zeolite materials. More realistic and ﬂexible T-O-T angles could be achieved
by ﬁnely discretized lattice grids. The lattice discretization parameter is deﬁned as
ζ = σ/l where σ and l correspond to single-site particles of characteristic diameter
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and grid of characteristic spacing respectively. ζ provides a measurement of how
closely the lattice model approaches continuum behavior. All our previous lattice
models are equivalent to ζ = 1. Panagiotopoulos studied the liquid–vapor phase
envelope using discretized lattice model with particles interacting via Lennard-Jones
potentials. He found that the ζ = 10 lattice model is indistinguishable from the
continuum model and the lattice models are 10-20 times faster than their continuum
counterparts.[124] Therefore, a ﬁner discretized lattice model may be a good balance
giving consideration to both accuracy and eﬃciency of the model.

149

APPENDIX A
ADVANCED MONTE CARLO SIMULATION
TECHNIQUES

Parallel Tempering
Parallel tempering simulation technique, also called replica exchange, was ﬁrst proposed by Swendsen and Wang in 1986.[157] In the past two decades, parallel tempering
methods have been successfully applied to research areas including polymers,[172]
proteins,[71] zeolite structure solution,[40] spin glass [157, 78] and quantum level
systems.[81]
The general scheme of parallel tempering is to simulation M replicas of system
of interest, usually each replicas in canonical ensembles but at diﬀerent temperatures
with T1 < T2 < . . . < TM .[49] Parallel tempering allows replicas at diﬀerent temperatures to exchange conﬁgurations and therefore achieve good sampling of system.
Usually, the lowest temperature used in parallel tempering is the temperature we are
interested (T1 ), where the system may be trapped in a non-representative sample of
the local free energy minima. At higher temperature, a simulation can overcome local
energy minimum and sample more of phase space, as explained in Figure A.1. The
acceptance ratio of replica exchange was given in following equation

p = min{1, exp[(

1
1
−
)(Ej − Ei )]}
kB Tj
kB Ti

(A.1)

derived from an extended ensemble composed of all M subsystems.[63] If the temperature diﬀerence between the two systems is very large, the possibility of accepting the
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low temperature

high temperature

Figure A.1. Schematic explanation of parallel tempering
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replica exchange is extremely small. Instead of making attempts of swapping replicas between a low and high temperature, in all simulations, we only attempt replica
exchange between neighboring temperatures with j = i + 1 in equation A.1. All parallel tempering simulations were carried out on a multiprocessor computer system,
with communications between processors handled by the Message Passing Interface
(MPI) library. Although the straightforward implementation of parallel tempering
suggest replica exchange which require swapping conﬁguration information between
two neighboring temperatures. A more eﬃcient way of programming the replica exchange is to only exchange temperatures and keep track of the temperatures on all
processors. For complex systems, the conﬁguration information of each subsystem
may be huge and real replica exchange demands large communication time.

Optimal choice of temperatures
The choice of temperatures in parallel tempering is important and critical for
the eﬀective sampling of system. The highest temperature of the system have to be
high enough so that no replicas become trapped at local energy minimum, whereas
the number of replicas should be large enough to guarantee eﬀective replica exchange between all adjacent replicas. In general, the overlap of the energy histograms between adjacent replicas at diﬀerent temperatures are necessary for achieving reasonable acceptance rate.[49] Great eﬀorts have been paid towards optimal
choice of temperatures.[81, 92, 93] Kofke showed that the temperature grids satisfying Ti /Ti+1 =constant give equal acceptance ratios across all temperatures for system with constant Cv .[92] In our simulations, we initialize the temperatures with
1/Ti − 1/Ti+1 =constant,[86] and later adjust the temperature spacing through trial
and error experimentations that gives eﬃcient exchange between neighboring replicas.
One representative map of replica exchange used in Chapter 2 was shown in Figure
A.2
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Figure A.2. Schematic representation of replica exchange map of parallel tempering
swaps between adjacent replicas at diﬀerent temperatures discussed in Chapter 2.
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Reactive Monte Carlo
The Reactive Monte Carlo scheme was developed independently by Smith and
Triska [156] and Johnson et al. [85] to study systems underwent chemical reactions.
The chemical reactions are models by random deletion of reactant molecules and
insertion of product molecules according to the stoichiometry of the reaction. We
consider here the general chemical reaction:
C
∑

νi Mi = 0

(A.2)

i=1

where C is the number of chemical species in the system, νi is the stoichiometry of
the ith chemical species, and Mi is the chemical symbol. The advantage of Reactive
Monte Carlo approach is that it provides a theoretical treatment to study chemical
reactions involving both forward and backward reactions with a proper selection of
transition probability.
To derive the transition probability Preactant →product , we start with the grand
ensemble partition function for a system containing C reactants and products

Ξ=

∞
∑

∞
∑

···

N1 =0

(
Q(N1 , . . . , NC , V, T ) exp β

C
∑

)
Ni µi

(A.3)

i=1

NC =0

where Ni is the number of molecules of type i, V is the volume of the system,
β=1/kB T , T is the temperature, kB is the Boltzmann’s constant, Q(. . .) is the canonical partition function for the mixture, and µi is the chemical potential for component
i. Approximate Q semi-classically and we will have

Ξ =

∞
∑

···

i=0

+

C
∑

∞ ∫
∑
NC =0

[

∫
···

exp β
]

C
∑
i=1

Ni µi −

C
∑

ln(Ni !)

i=1

Ni ln qi − βU drN1 dω N1 . . . drNC dω NC

i=1
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(A.4)

where rNi is a set of scaled position coordinates, and ω Ni ≡ ω1 . . . ωNi are the orientations of Ni molecules of type i, U is the conﬁguration energy, and qi is the partition
function of an isolated molecule of type i. Suppose r is an arbitrary initial state of the
system (rN1 ω N1 . . . rNC ω NC ). Therefore, the probability that a system will in state r
is given:
[

Pr =

1
exp β
Ξ

C
∑

Ni µi −

C
∑

i=1

C
∑
ln(Ni )! +
(Ni ) ln(qi ) − βUr

i=1

]
(A.5)

i=1

where Ur is the conﬁgurational energy of state r. If a single reaction occurs in the
forward direction from state r to state p–a generic chemical reaction that takes the
system from a reactant state with Ni atoms to a product state that contains Ni + νi
atoms. The probability of observing system in state p will be:
[ C
]
C
C
∑
∑
∑
1
Pp = exp β
(Ni + νi )µi −
ln [(Ni + νi ]! +
(Ni + νi ) ln(qi ) − βUp
Ξ
i=1
i=1
i=1
(A.6)
Therefore, the transition probability for a single reaction is Pp /Pr = Pr→p .

Pr→p =

1
Ξ

]
[ ∑
∑C
∑C
(N
+
ν
)
ln
q
−
βU
ln
[(N
+
ν
)!]
+
(N
+
ν
)µ
−
exp β C
i
i
i
p
i
i
i
i
i
i=1
i=1
i=1
[ ∑
]
∑
∑
C
C
1
exp β C
i=1 Ni µi −
i=1 ln(Ni !) +
i=1 Ni ln qi − βUr
Ξ
(A.7)

Upon rearrangement and after cancelling some terms we arrive at the following expression
[
Pr→p = exp β

C
∑
i=1

µi νi +

C
∑

ln(Ni !) −

i=1

C
∑

ln [(Ni + νi )!] +

i=1

C
∑

]
νi ln qi − βUp + βUr

i=1

(A.8)
For chemical reactions at equilibrium,

∑C
i=1

νi µi = 0, and the ﬁrst term in the expo-

nential is identically zero. Combining like terms in equation A.8 we have at
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[

Pr→p

]
C
∑
Ni !
= exp −β∆Ur→p +
ln
+
ln qiνi ,
(N
+
ν
)!
i
i
i=1
i=1
[ C
]
C
∏
∏
N
!
i
= e−β∆U exp ln
+ ln
qiνi ,
(N
+
ν
)!
i
i
i=1
i=1
−β∆U

= e

C
∑

C
∏
i=1

and term

∏C

νi
i=1 qi

∏
Ni !
q νi
(Ni + νi )! i=1 i
C

(A.9)

is related to the ideal gas equilibrium constant deﬁned by Hill [76]

id

K (T ) =

C
∏

∏C
νi

(qi /V ) = ∏Ci=1

qiνi

νi
i=1 V

i=1

(A.10)

and V is the volume of the system. The ideal gas reaction equilibrium constant is
directly related to the change in Gibbs free energy for the reaction as follows

K id (T ) = e−∆Grxn /RT .
0

where ∆G0rxn =

∑C
i=1

(A.11)

νi ∆G0f,i and ∆G0f,i is the standard Gibbs free energy of formation

of compound i. Substitute equations A.11 and A.10 into A.9, we can express the
transition probability in terms of the Gibbs free energy change during the reaction

Pr→p = e−β∆U K id V ν

C
∏
i=1

Ni !
(Ni + νi )!

(A.12)

∑
ν here is the sum of all νi′ s ( i νi ).

Conﬁgurational Bias Monte Carlo on Lattice Model
In chapter 5, we studied the formation of mesoporous silicate materials using
surfactant molecules as structural directing agent where surfactant molecules are represented by connected lattice sites. The sampling of equilibrium conformations of
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chain molecules is usually time consuming due to topological constraints, in our case,
chains cannot cross.[63] As a result, the conventional Monte Carlo techniques will fail
due to the fact that the probability of accepting a random trial insertion of chain
molecules is extremely small and hence large number of insertion attempts has to be
made. Therefore, many “unphysical” Monte Carlo trial moves have been proposed
to speed up the sampling of those system containing self-avoiding chain molecules.
The basic idea of conﬁgurational-bias Monte Carlo (CBMC) described here is to
bias the Markov chain of MC schemes towords generating new trial conformations
that are more probable and resemble the movement of chain molecules completely or
partially.[152]
The current CBMC method was motivated by the self-avoiding random walk
scheme proposed by Rosenbluth and Rosenbluth in early 1950’s, which is designed
to sample polymer conformations.[144] One drawback of the Rosenbluth scheme is
that the probability of generating a certain conﬁguration is not proportional to its
Boltzmann weight.[63] In other words, the Rosenbluth scheme fails to generate representative samples of all polymer conformations. In 1992, Siepmann and Frenkel
suggested a solution to this problem with the corrected acceptance ratio based on
“Rosenblush” weight factors of the new and old conformations.[152]
In this section, we ﬁrst illustrate the Rosenbluth sampling methods with speciﬁc
application to lattice models, in which a chain conformation is generated with a bias
that ensures the “acceptable” conformations are generated with higher probability.
The next step is the correction of the bias by multiplying with a weight factor proposed
by Siepmann and Frenkel.[152]

Rosenbluth Sampling
For complete regrowth of chain molecule, we followed the scheme summarized by
Frenkel and Smit:[63]
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1. The ﬁrst monomer (head or tail group) is inserted at a random vacant site of
simple cubic lattice and its energy is denoted by u1 (n). The Rosenbluth weight
this monomer is : w1 (n) = exp[−βu1 (n)]
2. For all subsequent segment i = 2, 3, · · · , l, we consider all k ( k = 26 for Larson’s
surfactant model, explained in Chapter 5) trial positions adjacent to segment
i-1. The energy of jth trial position is denoted by ui (j). From k possibilities,
we selected the insert position (denoted as n) with the probability

pi (n) =

where
wi (n) =

exp[−βui (n)]
wi (n)

26
∑

exp[−βui (j)]

j=1

The energy ui (j) only includes the interaction with previous segments already
inserted i = 1, 2, · · · , i - 1, and excludes the interactions with subsequent
segments i + 1 to l. Therefore, the total energy of the chain is given by U (n)
∑
= li=1 ui .
3. Step 2 is repeated until the entire chain is grown, and the Rosenbluth factor of
conﬁguration n :
W (n) =

l
∏

wi (n)

i=1

Correction of Bias
After the trial conﬁrmation of chain molecule was generated, and calculated its
Rosenbluth weight W (n). Next is to “retrace” the old conformation and determine
its Rosenbluth factor, denoted as W (o). The procedure is very similar to “grow” the
new conformation, the diﬀerence is that the chain molecule already exists in current
system and there is no need to choose the insertion position of each segments.
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1. One of the chain is selected at random. This chain is denoted by o.
2. Calculate the energy of the ﬁrst monomer denoted by u1 (o), and the Rosenbluth
weight w1 (o) = exp[−βu1 (o)].
3. To calculate the Rosenbluth weight for the rest of the chain, i = 2, 3, · · · , l, we
consider 26 trial positions (including its actual position) adjacent to segment
i-1.
wi (o) =

26
∑

exp[−βui (j)]

j=1

Similarly, the energy ui (j) only includes the interaction with previous segments
already inserted i = 1, 2, · · · , i - 1.
4. Once the entire chain has been retraced, its Rosenbluth factor is given by

W (o) =

l
∏

wi (o)

i=1

5. Finally the trial move from o to n is accepted with a probability given by

acc(o → n) = min[1, W (n)/W (o)].

In our simulation, we implemented both complete and partial regrowth of surfactant chain molecules, with equal probability from both ends. For partial regrowth
of surfactant molecule (length of l), we ﬁrst choose one end at random. The next
step is to randomly pick one segment m (1 5 m < l ) and keep the ﬁrst m segment
unchanged and regrow the rest of the chain, as shown in Fig A.3.
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Figure A.3. Schematic representation of Rosenbluth (self-) avoiding random walk
algorithm (partial regrowth). Red cross in (a) indicates that the chain has been cut
after the 3rd segment. The red arrows in (b) suggest the possible trial directions for
the 4th chain segment, and this is a 2-dimension schematic illustration with coordination number equals to 4.
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APPENDIX B
DERIVATION OF INTERCHANGE ENERGY FOR
LATTICE MODEL

In the session, we want to derive the relationship between interaction energies
εij and interchange energies ωij , and then demonstrated that the energy diﬀerence
between two conﬁgurations can be represented using interchange energies. The interaction between each molecular unit is characterized by an interaction energy, and the
total energy of the system is given by:

E=

∑
1 ∑∑
1 ∑∑
Nij ϵij
Nij ϵij =
Nii ϵii +
2 i j
2 i j̸=i
i

(B.1)

where Nij is the number of contacts between species of i and j. For a lattice with
coordination number z and ni molecules of type i, a balance over the total number
of contacts is:
zni = 2Nii +

∑∑
i

Nij ,

j̸=i

rearrange the above equation gives
1
1 ∑∑
Nii = zni −
Nij
2
2 i j̸=i
substitute equation B.2 into B.3
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(B.2)

∑ 1
1 ∑∑
1 ∑∑
( zni −
Nij )ϵii +
Nij ϵij ,
2
2 i j̸=i
2 i j̸=i
i
1∑
1 ∑∑
=
zni ϵii +
Nij (ϵij − ϵii )
2 i
2 i j̸=i

E =

(B.3)

In canonical ensemble, the ﬁrst term in equation B.3 is constant with given z, ni
and ϵii . Therefore, the energy diﬀerence between two conﬁgurations is given by:

∆E =

1 ∑∑
∆Nij (ϵij − ϵii )
2 i j̸=i

(B.4)

Noted that ϵij = ϵji and Nij = Nji
k ∑
k
∑
i

Nij (ϵij − ϵii ) =

j̸=i

=

=

k ∑
i−1
∑

Nij (ϵij − ϵii ) +

i=2 j=1

i=1 j=i+1

j−1
k ∑
∑

k−1 ∑
k
∑

Nji (ϵji − ϵjj ) +

i=1 j=i+1

j−1
k ∑
∑

k−1 ∑
k
∑

Nij (ϵij − ϵjj ) +

k−1
∑

Nij (ϵij − ϵii )
Nij (ϵij − ϵii )

i=1 j=i+1

k
∑

Nij (ϵij − ϵjj ) +

k−1 ∑
k
∑

k
k−1 ∑
∑

Nij (ϵij − ϵii )

i=1 j=i+1

i=1 j=i+1

=

Nij (ϵij − ϵii )

j=2 i=1

j=2 i=1

=

k−1 ∑
k
∑

Nij (2ϵij − ϵjj − ϵii )

(B.5)

i=1 j=i+1

Substitute equation B.5 into B.4
k−1
k
1∑ ∑
∆E =
∆Nij (2ϵij − ϵjj − ϵii )
2 i=1 j=i+1

(B.6)

Deﬁne the interchange parameter: ωij = ϵij − 21 (ϵii + ϵjj ), and we have

∆E =

k−1 ∑
k
∑
i=1 j=i+1
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∆Nij ωij

(B.7)

APPENDIX C
CONCENTRATION CONVERSION FOR LATTICE
MODEL

In this dissertation, we often compared our simulation results with experimental
data to check the capability of molecular models. In order to ﬁnd the corresponding
concentration of simulations, certain approximations and conversions need to be carried out. In this session, we provide details about concentration conversion of silicate
species.

Silica Solubility in Chapter 2
In section 2.4.1, we compared the solubility of amorphous silica from experimental
data (in ppm) [80] with both canonical and ground canonical ensemble simulations.
The solubility data given in Iler’s book are in the unit of ppm (parts-per-million, 106 ,
assuming on a mass/mass basis). To relate the mole faction of lattice sites occupied
by silica x with the experimental measurable solubility, we need to consider the molar
mass of water and silicon dioxide. Given MH2 O = 18.02g/mol, MSiO2 = 60.08g/mol,
we can have the solubility in ppm

K(ppm) =

106 MSiO2 x
MH2 O (1 − x)

(C.1)

Silica Concentration in Chapter 3
In chapter 3, we simulated the evolution of Qn distributions of silicic acid and
compared the condensation kinetics with

29
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Si NMR measurements.[46] The molar

ratio of solution used in

29

Si NMR studies includes TEOS: ethanol:water = 1:6:10.

Under chemical conditions where water in excess in acidic medium, the hydrolysis of
alkoxides occurs in a few minutes:

4H2 O + SiO(C2 H5 )4 −→ 4C2 H5 OH + Si(OH)4

(C.2)

Given molar mass of water and ethonol: MH2 O = 18.02g/mol, MC2 H5 OH = 46.07g/mol,
the water-ethanol solution after hydrolysis yields Si(OH)4 :ethanol:water = 1:10:6.
For water-ethanol solutions with mole ratio of ethanol:water = 10:6 corresponds to a
weight percentage of

ρethanol (wt) =

47.07 × 10
= 81%
47.07 × 10 + 18.02 × 6

(C.3)

According to Perry’s Chemical engineers’ handbook [135], the 81 wt % ethnol-water
solution has a density of 0.83664 g/cm3 . Therefore, the volume occupied by each
water molecule can be estimated from:

ρH2 O = 0.83664

g
mol 6.023 × 1023
cm3
1molecule
×
0.19
×
×
×
=
3
cm
18g
mol
1024 Å3
188Å3

(C.4)

The above value means that one water molecule and (10/6) ethnol molecules occupy
a volume of 188 Å3 . For a system containing 1,000 Si(OH)4 ∼6,000 H2 O molecules,
the estimated simulation box gives 104Å3 .
In our lattice model, if we treat H2 O and ethnol the same size (each solvent
molecule occupies a single lattice site), 18 g water occupy a volume of 18 cm3

ρH2 O = 1.0

g
mol 6.023 × 1023
cm3
1molecule
×
×
×
=
3
24
3
cm
18g
mol
10 Å
29.89Å3
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(C.5)

Then one H2 O and (10/6) ethnol molecules will occupy a volume of 79.7 Å3 . Therefore, the lattice model (treat ethnol and water the same size) will estimate the density
denser by a factor of

188
79.7

≃ 2.4 times.
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